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ABSTRACT 
Strengthening of reinforced concrete (RC) beams by external plate bonding (EPB) 
technique has become very popular for the last two decades, especially in the past few 
years with the increasing applications of the advanced composites. Unlike the 
unstrengthened beams, the composite structure shows an undesirable failure of plate 
debonding. It has been well recognized that central to this failure mode is the stress 
concentration at the plate end. It is prerequisite to well understand the stress character- 
istics at this zone. This thesis reports a systematic investigation on the stress distribu- 
tion at the interface between the concrete and the bonded plate and the prediction of 
the failure loads using the obtained stresses. 
A Finite Element Analysis (FEA) based on elastic fracture mechanics is carried out 
first to provide a detailed study on the stress fields near the plate ends. This becomes 
the benchmark for the analytic solutions presented in the following chapters. A com- 
pleted analytical solution is developed by the principle of complementary energy and 
provides consistent results with the FEA with less computational efforts. A closed- 
form rigorous solution is proposed such that a spreadsheet package is sufficient to ob- 
tain the numerical results. This rigorous solution provides the basis to further develop 
a simplified solution of the interfacial stresses that are subsequently used to develop 
the strength models. 
To consider the nonlinear properties of concrete a detailed nonlinear FEA simulation 
is conducted in the thesis and extensive results are computed at various load levels, 
from the elastic state to the ultimate state. In addition, a Nonlinear Fracture Mechanics 
(NLFM) method is developed taking into account the pre- and post-cracking behav- 
iors and the interactions between the shear and transverse normal stresses. This solu- 
tion is able to predict the load level at the onset of plate end cracking (serviceability 
load) and that at the ultimate failure state (ultimate load). 
Finally some of the proposed solutions are applied to selected beams whose test re- 
sults are available for comparison. In combination with existing material failure crite- 
ria, the elastic simplified solutions are also used to predict serviceability loads. Two 
ii 
groups of serviceability loads predicted from the elastic solution and NUM solution, 
respectively, and one group of ultimate load predicted from NLFM solution are all 
compared with the experimental data. Encouraging correlations are achieved. Other 
useful results, such as development length, the size of Fracture Process Zone (FPZ) 
are also calculated. 
Before concluding the work, a series of parametric analyses are carried out to assess 
the impact of various parameters on the interfacial stress fields, which provides some 
fundamental information related to design of the strengthening scheme. 
iii 
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Introduction and Literature Review 
CHAPTER 1. 
Chapter I 
INTRODUCTION AND LITERATURE REVIEW 
1.1 Introduction 
As a nation's infrastructure ages, one of the major challenges to face the construction 
industry is that the number of deficient structures continues to grow. The deficiency 
is usually the result of insufficient reinforcement, structural damage (such as vehicular 
impact or fire damage), reinforcement corrosion, freeze-thaw action, poor concrete 
quality or insufficient capacity as a result of change of use. This can manifest itself by 
poor performances under service loading, in the form of excessive deflection and 
cracking, or inadequate ultimate strength. Also, revisions in structural design and 
loading codes may render many structures, previously thought to be satisfactory, non- 
compliant with current provisions. Under such circumstances, there are two possible 
solutions, i. e. demolish and rebuild or carry out a program of strengthening. The 
choice between these alternatives depends on many important factors, such as basic 
material and labour costs, time during which the structures are out of commission, and 
disruption of other facilities. In the present economic climate, rehabilitation of defi- 
cient or damaged concrete structures to meet the more stringent limits of serviceabil- 
ity and ultimate strength in current codes, and strengthening of existing concrete 
structures to carry higher permissible loads, seem to be a more attractive alternative to 
demolishing and rebuilding. The term 'rehabilitation', which implies the addition of 
structural components after initial construction, captures three operations, i. e. repair- 
ing, strengthening and retrofitting (Seible 2001). "Strengthening" is used in this thesis 
as a generic term to describe all operations. 
1.1.1 What is External Plate Bonding (EPB) 
Different techniques have been developed to strengthen a variety of structural deft- 
ciencies. Among them, some common ones are: introducing extra supports, adding 
extra reinforcement by subsequently removing and casting concrete, applying addi- 
tional internal or external pre-stressing, replacing non-structural toppings by structural 
toppings and externally bonding steel or fiber-reinforced plastic (FRP) plates/sheets. 
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Application of the techniques of external plate bonding (EPB) using steel plates or 
FRP laminates to many real structures has shown that it is structurally sound and eco- 
nomically efficient and it offers a technically smart solution to the pressing problem. 
External steel plate bonding is featured in being quick, causing minimal site disrup- 
tion and producing only minimal change in section size. However, several problems 
have been encountered with the steel material, including the difficulty in handling 
heavy steel plates, corrosion of the steel, the need for massive and expensive false 
work to hold plates in position during adhesive curing, the need to prepare the steel 
surface for bonding and the need for butt joint systems as a result of limited workable 
lengths. 
Non-metallic FRP materials in form of thin laminates or fabrics would appear to offer 
an ideal alternative to steel plates. Their beneficial characteristics include high 
strength-to-weight and stiffness-to-weight ratios, high corrosion resistance, electro- 
magnetic neutrality, inherent tailorability, ease of application and the lower whole-life 
cost. FRP materials have mechanical and physical properties superior to those of steel, 
particularly with respect to their tensile and fatigue strengths and these qualities are 
observed under a wide range of temperatures. The main material types, which find 
uses as reinforcing fibers in FRP, are glass, carbon and aramid (Roastasy et al 1992). 
GFRP is known to have a lower elastic modulus than steel but is economically very 
attractive. CFRP is costly but can have an elastic modulus comparable with that of 
steel, and an ultimate strength, which can be as much as five times that of steel. In 
general, FRP is linearly elastic up to failure, and the ultimate failure strain is much 
higher than the yield strain of steel -- these two very important material characteris- 
tics, which have serious implications in the overall load response of the strengthened 
composite structure and the optimum use of the plate material. The main disadvan- 
tages in using these materials are high material cost (on a weight basis and compared 
with steel) and possible brittle failure modes. Moreover, some FRP materials, e. g. 
carbon and aramid, have incompatible thermal expansion coefficients with concrete. 
Finally, their exposure to high temperatures (e. g. in case of fire) may cause premature 
degradation and collapse -- some epoxy resins start softening at about 45-70'C (fib 
TG 9.3 'EBR' 200 1). 
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1.1.2 The Features of EPB 
Chapter I 
Quite a few works on the application of EPB to reinforced concrete (RC) beams has 
highlighted a number of features of the technique, among which are: 
1. Full composite action and structural integrity can be achieved between a con- 
crete member and a bonded steel/FRP plate by the use of suitable epoxy glue 
(Swamy et al. 1987, Teng et al. 2001). 
2. The range of elastic behaviour has been increased due to the reduced tensile 
strains (Ritchie et al. 1991). 
3. A corresponding increase in serviceability load is obtained as the result of the 
delay of the appearance of the first visual cracks (Saadatmanesh and Ehsani 
1991). 
4. Plating has a considerable reducing effect on both flexural crack widths and 
deflections. The reductions are greater than that would be achieved by intro- 
ducing additional internal reinforcement equivalent to that of the external plate 
(Jones et al. 1986, Meier and Kaiser 1991). 
5. If some procedures are taken to maintain the composite action between the 
concrete beam and external plate for loads up to failure, the ultimate strength 
can be enhanced and be accurately predicted by using conventional RC beam 
theory (Quantrill et al. 1996a). 
6. Suitable anchorage can be used to ensure ductility of the bonded structure at 
least as good as the un-plated one (Jones et al. 1988). 
7. The method is equally effective in strengthening both precracked and un- 
cracked beams (Swamy et al 1989). 
However, the ultimate failure in many cases is catastrophic with little or no ductility, 
which is caused by the debonding of the FRP plate and leaves a considerable amount 
of the load-bearing capacity of the FRP plate unutilized. 
1.1.3 The Evolution of EPB 
1.1.3A Bonded with Steel Plate 
Investigations into the performance of members strengthened by bonding with steel 
plates can be traced back into the late 1960's (L'hermite et al. 1967, Lerchental 1967 
and Kajfasz, 1967) and it was investigated extensively from the early 1980's. Mac- 
3 
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Donald and Calder (1982) studied the structure behaviour of concrete beams exter- 
nally bonded with steel plates and the results showed that full composite action was 
provided by the adhesive and that significant improvements in performance could be 
achieved in terms of ultimate load, crack control and stiffness. Swamy et al. (1987) 
investigated the effect of glued steel plates on the first cracking load, cracking behav- 
ior, deformation, serviceability and ultimate strength of reinforced concrete beams. 
The results suggested that the addition of glued steel plates to a reinforced concrete 
beam could substantially increase the flexural stiffness, reduce cracking and structural 
deformations at all load levels and contribute to the ultimate flexural capacity. The net 
effect of the reduced structural deformations was that the serviceability loads were 
substantially increased by the stiffening action of the glued plates. Lapped plates, pre- 
cracking prior to plating, variable glue thickness, and the presence of stress concentra- 
tions in the adhesive had no adverse effect on the structural behavior of the plated 
beams. Swamy et al. (1989) conducted a testing program to investigate the applicabil- 
ity of the steel plate bonding technique to strengthen structurally damaged RC beams. 
Three groups of strengthened beams, which were subjected to preloading conditions 
of 70,50 and 30 percent of their flexural strength, were tested respectively. It was 
shown that strengthening signiflcantly cracked beams by steel-plate bonding was 
structurally cfficient and that the plated beams were restored to flexural stiffness and 
strength superior to that of the original unplated beams. 
1.1.3.2 Bonded with FRP PlatelSheet (CFRP, GFRP and AFRP) 
The use of FRP plates, mainly carbon (CFRP), glass (GFRP) and aramid (AFRP), to 
replace steel in the strengthening applications was pioneered at the Swiss Federal 
Laboratory for Materials Testing and Research (EMPA) in Dubendorf (see Meier 
1987, Kaiser 1989, Meier and Kaiser 1991, Meier et al 1992 and Meier 1995). Exten- 
sive research in this area has been carrying out all over the world since then. We can 
hardly keep pace with the exponential growth of all the related papers appearing in 
both journals and conference proceedings. Early review papers on this topic include 
Faza and GangaRao (1994), Swamy and Mukhopadhyaya (1995) and Garden (1997). 
Many research projects, e. g. ROBUST in the UK (Hollaway and Leeming 1999), have 
been conducted and several FRP systems for strengthening (e. g. Sika) have become 
commercially available. Recently Teng et al. (2001a) systematically provide a state- 
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of-the-art summary of the existing research on FRP strengthening of RC structures, 
with the emphasis on structural behavior and strength models. A number of comments 
and findings have been demonstrated from the literatures, not only in terms of the im- 
provement in structural strength and stiffness with the flexural failure modes similar 
to the conventional RC beams, but also in terms of the undesirable premature failure 
modes, i. e. debonding failure modes, which occurs far before the strengthened RC 
beam develops its full strength. The latter failure mode is more critical and thus forms 
the focus of this thesis. Extensive literature reviews on this topic will be presented in 
more details in the following section. Recently, some guidelines with regard to FRP 
strengthening have been drafted or are being developed in various areas, e. g. U. S. A. 
(2001), Europe (2001), Japan (1999,2001), UX (2000), Sweden (1999), France 
(2001). 
1.1.3.3 Field Applications 
The applications of the EPB technique to buildings and bridges started with the steel 
plate bonding, like the corresponding researches. The first recorded case was in Dur- 
ban, South Africa, in 1964, where epoxy-bonded steel plates were used to strengthen 
concrete beams in an apartment complex (see Dussek 1980), where part of the rein- 
forcing steel in the building had been accidentally omitted during construction. 
Dussek (1980) also reported that four bridges at Swanley and Kent in England were 
strengthened by plating in 1975 and 1977, respectively, where inadequate tension re- 
inforcement had originally been provided. Among them, other application cases in- 
clude the application in Belgium (see Van Germent 1981), France (see Bresson 1971, 
1972), Japan (see lino and Otokawa 1981), Poland (see Ryback 1981), Switzerland 
(see Hugenschmidt 1976 and Ladner et al. 1981) and UK (see Barrett 1985, Mander 
1974, Davis et al. 1984, Raithby 1980 and Leadbeater et al. 1988). 
Of the applications of FRP strengthening reported in the existing literature, the major- 
ity arises in Switzerland where the technique was first proposed and developed (see 
Meier 1995). More than one thousand applications have been seen in Switzerland 
alone by 2001 (see Triantafillou and Matthys 2001). Some early applications of 
strengthening by FRP were reviewed by Garden (1997) and Buyukozturk and Hearing 
(1998). Recently, detailed surveys of field applications have been undertaken, respec- 
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tively, by Shaw and Drewett (1999), Bonacci and Maalej (2000) and Hamilton and 
Dolan (2000), while general overviews on FRPs for strengthening applications have 
been presented by Karbhari and Seible (2000) and Neale (2000). 
1.1.4 Failure Modes of the Strengthened Structures 
The observed nature of the primary failure modes of externally bonded RC beams 
(particularly for FRP bonding) was diverse in numerous experimental studies to date 
(e. g. Ratchie et al. 1991, Saadamanesh and Ehsani 1991, Triantafillou and Plevris 
1992, Chajes et al. 1994, Sharif et al. 1994, Heffernan and Erki 1996, Shahawy et al. 
1996, Takeda et al. 1996, Arduini and Nanni 1997, Buyukozturk and Hearing 1998, 
Garden et al. 1997,1998, Grace et al. 1998, Ross et al. 1999, Swamy and Muk- 
hopadhyaya 1999, Bonacci and Makeej 2000, Ashour 2001, Nguyen et al. 2001 and 
Rahimi and Hutchinson 2001, Smith and Teng 2002). A schematic representation of 
typical failure modes observed in tests is shown in Figure 1.1 and categorized as (a) 
steel yield and laminate tensile rupture; (b) crushing of compression concrete; (c) 
shear failure; (d) plate debonding at the cut-off point near the end support and along 
reinforcement; (e) delamination of FRP plate from the cut-off end along the bond line; 
(f) delamination of FRP plate from the bottom of a flexural crack and (g) laminate 
peeling from the point of the base of the diagonal shear/flexural shear crack. Accord- 
ing to Malek (1998), these modes can be divided into two general categories of "flex- 
ural" and "local" failure. "Flexural failure" is defined as concrete crushing in com- 
pression or plate rupturing in tension (Modes a and b). "Local failure" is defined as 
the delaminataion or peeling of the FRP plate at the location of high interfacial 
stresses and debonding failure at the concrete cover between the plate and the longitu- 
dinal reinforcement (Modes d, e, f and g). It is noted that "shear failure" (Mode c), 
does not belong to either of the categories and the failure loads for this mode can be 
predicted using the similar method for conventional RC beams. All of the failure 
modes are determined by various factors such as the amount of internal flexural and 
shear reinforcement and geometric and material properties of the bonded plate, the 
adhesive layer and RC beam. In some case, the failure modes are not easy to distin- 
guish from each other. 
Failure modes (a) and (b) are characterized by large final deflection of the member 
and present a more desirable structural performance, particularly in relation to ductil- 
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ity. They could be anticipated with a basic knowledge of the behavior of a RC section 
under transverse loading. Mode (c) is controlled by the shear strength of the bonded 
beam, which is significantly affected by the bonded plate in terms of the position and 
the degree of inclination of the critical shear cracks (Buyukozturk and Hearing 1998). 
Failure mode (d), which can be commonly observed with both steel plates and FRP 
sheets, exhibits a brittle and premature failure behaviour and would occur before the 
full fiexural capacity is attained (Ratchie ea al 1991, Sharif et al 1994, Garden et al. 
1991,1998, Tumialan et al 1999a, Nguyen et al. 2001 and Teng et al 2001). The same 
mode has been termed elsewhere as 'end-of-plate failure through concrete' (Ritchie et 
al. 1991), 'concrete rip-off failures' (Sharif et al 1994, Nguyen et al 2001), 'debond at 
rebar layer' (Buyukoztuk and Hearing 1998), 'local shear failure' (Saadatmanesh and 
Malek 1998), 'concrete cover delamination' (Tumialan et al. 1999a) and 'concrete 
cover separation' (Garden and Hollaway 1998a, Teng et al 2001). A generic term, 
"plate end debonding" is used in this thesis to cater for this failure mode. The fact that 
this type of failure occurs with both steel and FRP plates confirms the existence of 
complex normal and interface shear stresses at the plate end, which is far more critical 
to the overall stability and integrity of the strengthened structural member than any 
other mode of failure. Thus end anchorage become essential to resist and delay this 
type of failure and consequently to increase the failure load, utilizing more of the 
strengthening capacity of the bonded materials. Mode (e) occurs when thin (<I. Omm) 
laminate sheets are bonded on the uneven concrete surface. This mode, following 
Teng et al. (2001), is herein refereed to as "plate end interfacial debonding" and is less 
commonly observed (Saadatmanesh and Ehsani 1991, Quantrill et al 1996, TaIjsten 
1999), while, somehow, in real beams, mode (d) and mode (e) may be mixed together 
as seen in the beam tested by Hau (1999). The fiexural cracks in the high bending 
moment range in the RC beam tend to open and may induce high interfacial shear 
stress, and hence mode (f) occurs. This was also supported by experimental studies by 
Wu et al. (1997), Tumialan et al. (1999a) and Bonacci and Maleej (2000). For mode 
(g), the FRP laminate debonded from the base point of the inclined shear crack and/or 
shear flexural crack, far away from the plate cut-off end and then propagated further, 
leading to a complete debonding of the plate up to the plate end (Triantafillou and 
Plevris 1992, Garden 1997, Rahimi and Hutchinson 2001). The plate debonding was 
triggered by the development of the shear/flexural cracks. If proper procedure was 
taken to prevent such cracks from occurrence in the shear span, this type of failure 
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modes may be avoided. From this observation it seems that the bond integrity of the 
CFRP bonded sheet is particularly sensitive to any crack in the shear span, which 
could cause vertical and/or horizontal displacements of the bonded elements at that 
particular section. 
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Fig. 1.1 Failure modes in FRP retrofitted concrete beams 
Chapter I 
(a) Steel yield and FRP rupture; (b) Concrete compression failure; (c) Shear failure; 
(d) Debonding of cover layer along reinforcement; (e) Delamination of FRP plate 
from the cut-off end; (f) Delamination of FRP plate from the base of a flexural crack 
and (g) Laminate peeling from the point of the base of the diagonal shear/flexural 
shear crack (Teng et al. 2001). 
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1.2 Literature Review 
1.2.1 Stress Transfer Problem 
If the technique of strengthening RC beams with epoxy-bonded steel or FRP plates is 
to be used in an effective manner it requires a sound understanding of stress transfer 
from concrete to the external reinforcement (steel plate or FRP plate) and the struc- 
tural behavior in both the ultimate limit state and serviceability limit state. The prob- 
lem of stress transfer also exists for the lap joints and cross-ply laminates with trans- 
verse matrix cracks, both of which were investigated relatively more extensively over 
last few decades. Many of the approaches can be directly applied here to model the 
stress transfer in strengthening RC beams. Some of the works are briefly reviewed as 
follows. 
1.2.1.1 Stress Transferfor Lap Joints 
For an adhesive-bonded lap joint, there exists stress concentration at the ends of ad- 
herends due to differential straining in the adherends (the shear-lag effect), bending 
induced by the non-axial loading and the end effects caused by the free edges. Renton 
and Vinson (1977) used the shear lag concept to develop an analytical model to de- 
termine the structural responses of single-lap and symmetric-lap joints composed of 
generally orthotropic material systems. The shear and normal stresses in the adhesive 
were assumed to be constant in the transverse direction. Delale et al (1981) used a 
similar assumption to obtain a closed-form solution for the stresses in adhesively 
bonded joints. A two-dimensional finite element method (FEM) was used to analyze 
the stresses in a metal-to-metal adhesive-bonded lap joint by Adams and Peppiatt 
(1974). Adams (1988) extended this finite element technique to include geometric and 
material nonlinearity in the lap joints. Adams and Mallick (1999) again extended the 
analysis to the general lap joint configuration and to incorporate the influence of ad- 
hesive plasticity and hydrothermal deformation and adherend anisotropy. Cheng et al 
(1990) determined the stress distribution in adhesive-bonded single-lap joints using 
two-dimensional elasticity theory, in conjunction with the variational principle of 
complemental energy. Tsai (1995) presented experimental and numerical analyses of 
a single-lap bonded joint with laminated polymeric composite adherend and with a 
spew fillet to address the mechanics and deformation of such material and bonding 
configuration. Yang and Pang (1996) proposed an analytical model to determine the 
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stress and strain distributions of adhesive-bonded composite single-lap joints based on 
the laminated anisotropic plate theory. The solution was given in the form of Fourier 
series. Wu et al (1997) extended Goland and Reissner (1944) classic lap joint theory 
to improve the inconsistent plane stress and plane strain relations existing in their 
original theory. Liu and Sawa (1999) developed a two-dimensional elastic solution of 
stress evaluation in single-lap band adhesive joints. 
1.2.1.2 Stress Transfer in Cross-ply Laminates with Transverse Matrix Cracks 
Stress transfer in cross-ply laminates with transverse cracks is an important subject in 
the mechanics of composites. Investigations have been carried out in recent years to 
study the stress field in the vicinity of transverse cracks occurring in matrix. Rela- 
tivelY accurate predictions have been obtained in many of the researches (Guild et al. 
1993, Hashin 1997, MaCartney 1995) and due to the similarities in the nature of stress 
transfer to the strengthened beams, the stress transfer problems for cross-ply laminates 
with transverse matrix cracks is also reviewed herein. 
Numerous investigators applied the shear-lag based analyses, which consist of varying 
degrees of sophistication, to model stress redistribution due to regularly spaced trans- 
verse ply cracks, that span the width and thickness of the ply (see, for example, 
Garrett and Bailey 1977; Highsmith and Reifsnider 1982; Flaggs 1985; Smith and 
Ogin 1999 and Smith and Ogin 2000). Laws & Dorak (1988) provided a comprehen- 
sive review on the works done before 1987. Berthelot et al. (1996) implemented a fi- 
nite element analysis (FEA) to investigate the transverse cracking of cross-ply lami- 
nates subjected to uniaxial tensile loading. The multiple matrix crack propagation in a 
quasi-isotropic laminate has been simulated by using generalized plane-strain FEMs 
(Tong et al 1997), where the information concerning stress distribution in the vicinity 
of existing cracks was provided. Other numerical methods such as finite difference 
analysis can be found in the studies of Altus et al. (1981), Caslini et al. (1987) and 
Guild et al. (1993). Li et al. (1994) presented a finite strip analysis of cracked lami- 
nates based on a generalized plane strain assumption and the minimization of strain 
energy. Hashin (1985,1987 and 1988) developed a variational method on the basis of 
the principle of minimum complementary energy. Both cracks occurred in uni-axial 
and bi-axial directions were considered to calculate stiffness reduction and stresses in 
cross-ply laminates. Naim (1989) used this method to determine the two-dimensional 
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thenno-elastic stresses in cross-ply laminates. The approach was then used to calcu- 
late the energy release rate due to the formation of a new microcrack. On the basis of 
the principles of the minimum complementary energy and minimum strain energy, 
Narin (1995) obtained, respectively, the lower bound and upper bound on the effec- 
tive modulus of a cross-ply laminate containing microcracks in the 90' plies. 
Schoeppner and Pagano (1998) developed a variational method to model the thermoe- 
lastic response of flat laminated composites using a large radius axisymmetric hollow 
layered cylinder model. The model can be used to examine the initiation/ propagation 
and interaction of damage for thermo-elastic problems in the laminate. McCartney 
(1992,1995), developed a semi-analytical model based on a rigorous elasticity for 
generalized plane strain deformation of planar multilayered systems. McCartney and 
Pierse (1997a, 1997b) extended this model to the plane strain/bending deformation. 
Although these formulations do not include the crack tip singularities, the models can 
approximate the singular behavior of the stresses in the vicinity of the crack tip 
through layer element refinement. On the basis of the same plane strain assumption, 
Yang (2001) provided an alternative solution to the stress transfer problem by using 
Fourier series expansions in his transfer report. 
From the stress distribution that had been calculated as a function of crack spacing, 
two techniques were used to predict crack formation, i. e. the strength based (Garrett 
and Bailey 1977, Manders 1983, Fukunaga 1984, Peter 1984) and the facture mechan- 
ics based (Wang and Crossman 1980, Poursartip 1983, Ogin 1985, Caslini 1987, Han 
1988, Nairn 1989, Guild et al. 1993, Shahid and Chang 1995 and Boniface et al. 
1997) techniques. In the strength based approaches, progressive cracking is assumed 
to be controlled by the transverse ply stress distribution. In the simplest way, progres- 
sive cracking is assumed to occur when the maximum transverse ply stress (which 
normally occurs midway between existing two neighboring cracks) is equal to the 
(constant) transverse ply failure strength, while for more sophisticated models, the 
transverse ply is assumed to have a statistical distribution of strengths along its length 
[often described using a Weibull distribution (Gurvich et al. 1997)] as a result of pre- 
existent flaws or a local fiber geometry which is prone to debonding. In the fracture 
mechanics based models the energy changes associated with crack formation at a par- 
ticular location may be calculated and be compared with a critical strain energy re- 
lease rate for crack formation. 
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1.2.1.3 Stress Transfer in Strengthened RC Beams 
Central to the reinforcement effect of externally bonded concrete structures is the 
transferring of stresses from concrete to the external reinforcement, which is suscepti- 
ble to cause the undesirable premature and brittle failure modes, such as the delamina- 
tion initiated from the end of a flexural crack of concrete, the peeling initiated from 
the shear crack of concrete and the plate end debonding (PED). 
The determination of interfacial stresses has been studied in the last decade for beams 
bonded with both steel and FRP plates. These extensive investigations can be catego- 
rized as follows. 
(1) Stress Transfer at the Plate Ends of Strengthened RC Beams 
(a) Experimental Studies 
MacDonald and Calder (1982) tested beams with a range of plate aspect ratios, and 
nominal values of the shear stress in the adhesive at the end of the plate were esti- 
mated from strain gauge readings at the load level corresponding to the greatest strain 
gradient, values of between 0.13 MPa and 0.8 MPa were calculated, far below the 
concrete shear strength of 5 MPa. The large discrepancy was thought to have been due 
to the initiation of plate separation by high strain gradients (i. e. shear stresses) local to 
the tip of the plate; these highly localized gradients cannot be detected by a limited 
number of strain gauges (MacDonald and Calder 1982). 
Jones et al. (1988) carried out tests to investigate the effectiveness of different an- 
chorage arrangements against plate separation and concluded that the concentrating 
interfacial stresses at plate ends have limiting peak values in the region of fix tensile 
splitting strength of the concrete. In their study, a classical theoretical elastic stress 
analysis was also conducted. However, the analysis showed no consistent relationship 
to the measured peak values. A factor was then introduced and that the modified stress 
could give a reasonable estimate of the peak values. 
Oehlers and Moran (1990) identified two main types of plate end peeling failure for 
steel plated beams, namely shear peeling and flexural peeling, by studying the failure 
modes observed when the plate end was terminated in regions of varying proportions 
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of shear and flexural loading in previous tests. The tests cited by these authors were 
those of Ong et al. (1982) who tested specimens in which the plates terminated in re- 
gions bearing stresses by continuing the plates under the beam supports, Van Gemert 
(1981) in regions of pure shear, Jones et al. (1988) in regions of shear and flexural, 
and Johnson and Tait (198 1) in regions of shear, flexural and axial loads. Two empiri- 
cal constants kc and k,, , which were included in a simple theoretical analysis of peel- 
ing stress in the bonded beams, were calibrated from the collected test data. Shear 
peeling is induced by shear cracks through the depth of the concrete at the end of the 
plate; this is a common failure mode when the plate end lies in a region of shear 
dominated loading. Flexural peeling is induced by an increasing curvature of the beam 
under flexural dominated loading and is associated with a more gradual separation of 
the plate than in shear peeling. Therefore, it is the predominance of shear or flexural 
cracks at the end of the plate that determines which type of peeling will occur. 
Garden et al (1998) recorded the strain of a bonded CFRP plate along the bond-line in 
their tests. The results obtained from these tests showed that the peak shear stresses 
decreased as the shear span/depth ratio increased and the position of the peak moved 
away from the end of the plate. 
Etman and Beeby (2000) carried out an experimental investigation on the bond stress 
along concrete-epoxy-plate (CFRP) interfaces. Various plate geometry and corrosion 
ratios were considered. It was found that the width to thickness ratio of the plate had 
significant effect on the bond stress concentration at its ends. 
Ahmed et al (2001) tested a series of RC beams strengthened with CFRP laminates. 
The effect of the unplated lengths as well as the amounts of externally bonded CFRP 
laminates upon the interfacial shear stress was studied. 
Maalej and Bian (2001) tested five identical RC beams strengthened by CFRP plate 
with different thickness and measured the interfacial shear stresses concentration at 
the plate curtailments. The effect of CFRP thickness on the shear stress concentration, 
failure modes and strengthening efficiency ratio was studied. The analytical results 
using Roberts' (1989) and Malek's (1998) formulas were also presented in order to 
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make the comparison with the experimental results. Bonacci and Maalej (2001) com- 
piled an experimental database from the existing database, which includes a total of 127 
specimens from 23 separate studies. Maalej et al (2001) used Roberts' (1989) formulas 
to predict the interfacial shear stresses and analyzed the debonding failure using Chaalal 
et al (1998)'s shear strength expression. Theoretical prediction was in close agreement 
with actual trend set by the experimental data from Bonacci and Maalej (2001)'s data- 
base. The effect on the interfacial stresses and shear strength of the most critical pa- 
rameter, i. e. FRP relative axial rigidity, was examined. 
Most of the experimental studies reviewed above provide relevant information on the 
parameters influencing the strengthening of RC beams by bonding steel or FRP plates. 
These parameters include the geometrical and material properties of RC beams and 
bonded plates, the loading arrangements and anchorage systems. This information leads 
to a better understanding of the application of EPB in engineering practice and on fur- 
ther investigation using both experimental and theoretical methods. However, more 
general and complete information cannot be extracted from a limited number of experi- 
mental investigations. As the experimental studies can be costly and time consuming, 
alternative methods such as numerical and analytical methods may provide a better op- 
tion. 
Numerical Studies 
The Linear Finite Element Method 
Using a linear finite element model, Mays and Turnbull (1992) concluded that the peak 
shear stress at the plate ends was approximately 4r, where r is the classical elastic 
shear stress, and the peak normal stress was around 3.5 -r . Hutchinson and Rahimi 
(1995) performed finite element analyses and concluded that the stresses at the FRP 
plate ends were lower than those for the beams if they had been strengthened with thick 
steel plates. The effect of various plate-end geometric conditions of external plates was 
also studied. Besides, TaIjsten 1997, Malek et al. 1998 and Rabinovich and Frostig 2000 
also presented limited finite element results for interfacial stresses. Teng et al (2001b) 
recently conducted a FE study of interfacial stresses in plated RC beams to (a) investi- 
gate the complex stress distributions in the adhesive layer near the end of the plate; and 
(b) assess the accuracy of the simple approximate analytical solutions. 
The Nonlinear Finite Element Method 
Ziraba and Baluch (1995) developed a nonlinear finite element model for the flexure- 
shear response of RC beams strengthened externally by epoxy bonded steel plate 
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The model involved the introduction of a six-noded element to capture the character- 
istics of the interface between concrete and external steel plate as well as the bond be- 
tween the internal reinforcement and concrete. A nine-noded Lagrangian element for 
simulating behavior of concrete and external steel plate and a three-noded element for 
internal main and shear reinforcement were also proposed. The metamorphosis of 
failure modes from plate yielding to separation was allowed for. Ascione and Feo 
(2000) used a finite element model to predict shear and normal stresses in the adhe- 
sive layer of RC beams plated with composite laminate. In their model, the adhesive 
layer was analogized as a continuous distribution of bilateral elastic springs and the 
kinematical model was driven from a suitable power expansion of the displacement 
field components with respect to the cross-section coordinates. The concrete and 
composite materials were assumed to be linearly elastic and orthotropic with a possi- 
ble different behavior in tension and in compression (bimodular behavior). The Lan- 
grangian isoparametric elements were used and Newton-Raphson method was applied 
to solve the non-linear problem. Rahimi and Hutchinson (2001) conducted both ex- 
perimental work and theoretical analyses for RC beams strengthened with FRP plates. 
The theoretical analyses included 2D nonlinear finite-element modeling using LUSAS 
program in which an isotropic damage model was incorporated to simulate the 
nonlinear behavior of concrete by means of a scalar variable called the damage or 
degradation parameter. Aprile et al (2001) used the displacement-based RC frame 
element considering the bond-slip relations. The element has two components, i. e. a 
two-node concrete beam and a strengthening plate. The nodal degrees of freedoms of 
the concrete beam and of the plate are different to permit slip. Beam and bond com- 
patibility are both enforced in the strong form and element equilibrium was enforced 
in the weak form, when the stiffness matrix was derived. Using this model, the stiff- 
ness, load capacity, interfacial shear stress and the failure modes or RC beams 
strengthened with bonded steel or CFRP were predicted. 
Discrete Section Analysis 
Arduini et al. (1997a) developed a discrete section model to predict the load- 
deflection behavior of RC beams strengthened with externally bonded FRP plates or 
sheets as well as the distributions of interfacial stresses. The model takes into account 
the nonlinear properties of concrete in compression, the tensile strength of concrete 
and the adhesive interface properties. Also the model can predict different failure 
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mechanism, e. g. FRP rupture, shear failure in concrete, tensile fracture and local ad- 
hesive failure. Arduini and Nanni (1997a) used this model to conduct a parametric 
analysis of the effect of FRP reinforcements on serviceability, strength and failure 
mechanisms of repaired RC beams. FRP reinforcement parameters considered in the 
analysis included stiffness, bonded length, thickness and adhesive stiffness. Arduini 
and Nanni (1997b) used the discrete section analysis to simulate the process of RC 
beam strengthening, where the effects of precracking, unloading, repairing and the fi- 
nal loading cycle were included. Wang and Restrepo (2001) extended the work into 
considering the effects of diagonal tension cracking in the shear span of a beam. The 
modified compression field theory (MCFT) was incorporated into their approach. Bet- 
ter agreement with the experimental results was obtained compared with the predic- 
tions using Arduini and Nanni (1997)'s approach. 
(c) Analytical Studies 
Approximate Closed-form Solution 
Several relatively simple approximate closed-form solutions for interfacial stresses 
have been developed based on a simple assumption for the adhesive layer. Among 
those studies, a common assumption was made, i. e. the adhesive layer was subject to 
shear and normal stresses that are constant across the thickness of the adhesive layer. 
Either a staged analysis approach (Roberts 1989, Roberts and Haji-Kazemi 1989) or 
deformation compatibility-based approach (Vilnay 1988, Liu and Zhu 1994, TaIjsten 
1997, Malek et al. 1998, Smith and Teng 2001) was employed using this assumption. 
A summary of the main differences between the analytical solutions is given in Table 
1.1, in which some of them were reviewed by Smith and Teng (200 1). 
Besides these, Trantafillou and Deskovic (1991) used the shear-lag theory to obtain 
the shear stress between the RC beam and FRP sheet due to the release of prestresses. 
A nonlinear shear stress- strain relationship for epoxy adhesives was considered for 
RC beams with high shear strength, while for those with low shear strength, a nonlin- 
ear shear stress-slip relationship was considered. Ye (2001) proposed an analytical so- 
lution of interfacial shear stresses between RC beams and FRP plates, using a state 
space and iterative approach. The nonlinear constitutive relation of concrete was con- 
sidered. Leung et al. (2001) predicted the shear stress in composite strengthened 
beams considering the concrete cracking and consequently reduced stiffness of the 
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concrete beam. A simple analytical approach was developed to obtain the equivalent 
stiffness of a cracked section as a function of moment acting on the section. Then the 
governing differential equation due to the shear-lag theory was solved by finite differ- 
ence method. Generally, Leung et al. (2001)'s approach is similar to Ye (2001)'s ex- 
cept that the latter calculated the longitudinal strain in the discrete points of the ex- 
treme fiber of the RC beam rather than using the equivalent stiffness of the RC beam. 
Mukhopadhyaya and Swamy (1999) presented a critical evaluation of the plate end 
stress on the basis of existing experimental data available in the literature. The ana- 
lytical technique by Roberts (1989) was used. They found a wide variation of the re- 
sults for different sources of experimental data. The inconsistence indicated that there 
must remain some unknown parameters, which influence peak normal and shear stress 
values at the instance of plate debonding, but they are not accounted for in Roberts's 
approximate elastic analysis. Mukhopadhyaya and Swamy (2001) carried out a similar 
critical review and developed a simple analytical approach for the interfacial shear 
stress. 
All these approximate closed-form solutions exhibited two inherent inadequacies. 
Firstly, there is lack of fulfillment of point equilibrium within the thickness of the ad- 
hesive layer, because the interaction between the distributed shear and vertical springs 
were not considered. Secondly there exists the inability to control the fulfillment of 
boundary and continuity conditions of the shear stress within the adhesive layer and at 
its edges. These two inadequacies, accompanied with the presumed linear deformation 
pattern through the thickness of the adhesive layer and the uniform shear and peeling 
stresses distribution through this thickness, yield solutions that roughly approximate 
the edge stresses and in many cases are too conservative. 
The Closed-Form High-Order (CFHO) Analysis 
Rabinovich and Frostig (2000) presented a closed-form high-order analytical solution 
for the analysis of concrete beams strengthened with externally bonded FRP strips. 
The model is based on equilibrium and deformation compatibility requirements in and 
between all components of a strengthened beam, i. e. the concrete beam, the FRP strip 
and the adhesive layer. The governing equations representing the behavior of the 
strengthened beam, along with the appropriate boundary and continuity conditions, 
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are derived and solved. This approach fulfills all equilibrium requirements in the 
global and the point-to-point sense, as well as boundary and continuity conditions, in- 
cluding traction free at the free edge of the adhesive layer. However, the solution does 
not provide explicit expressions for the interfacial stresses, such that numerical results 
are not easily obtainable. This makes it difficult for the further exploitation in devel- 
oping a design equation. Rabinovich and Frostig (2001 a) used CFHO model to inves- 
tigate the effect of adhesive layer profile on the interfacial stresses at the edges of the 
curved FRP strips. Numerical method was used to solve the linear governing equa- 
tions with variable coefficients. The effect of the nonlinear constitutive relations of 
various materials was investigated in Rabinovich and Frostig (2001b). The overall 
nonlinear load-deflection response and the local stress concentration at the edges of 
the FRP strip were determined by introducing relevant nonlinear constitutive relations 
into the CFHO models. 
The Closed-form Solution using Complementary Energy Method (CEM) 
Shen et al. (2001) developed an explicit solution of interfacial shear and norm (peel- 
ing) stresses for a bonded beam under uniform distributed load using the complemen- 
tary energy method. The salient features of this analysis include the consideration of 
non-uniform stress distribution and the satisfaction of the stress boundary conditions 
at the ends of the adhesive layer and plates. Yang et al. (2004) extended the investiga- 
tion into the interfacial stresses analysis for a strengthened beam subjected to both 
symmetrically and non-symmetrically applied load. The close-form solutions for vari- 
ous types of load cases were presented. 
(2) Stress Transfer in the Vicinity of Intermediate Cracks of Strengthen RC Beams 
Malek et al. (1998) calculated the shear stress in the vicinity of large flexural cracks 
along the beam. The interfacial shear stresses were analyzed for an element between 
two consecutive cracks using the axial stresses in the plate at the crack locations as the 
boundary conditions. However, the transverse normal stress in the close vicinity of the 
flexural cracks was ignored. Yang and Ye (2001) used CEM to calculate the interfa- 
cial stresses for a cracked RC beams bonded with steel/FRP plates and subject to 
symmetrical tensile force and/or end bending moment. A representative element be- 
tween two contiguous cracks is considered under the assumption of plane stresses. By 
means of the principle of minimum complementary energy, the analysis provides a 
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closed-form solution that can be used easily to predict the stress distributions near the 
cracks in the beam. A fracture mechanics based analysis was carried out by Leung 
(2001) to obtain the crack mouth opening displacement (CMOD) and the maximum 
shear stress for a strengthened beam subject to a moment. In his analysis the bridging 
forces from, respectively, the softening concrete, the reinforcing steel and the bonded 
plate were considered. Although, the nonlinear concrete softening was considered, the 
maximum interfacial shear stress was assumed to increase linearly with crack mouth 
opening. It was suggested that the maximum shear stress had to be taken as a parame- 
ter reflecting the intensity of the shear stress concentration near the crack. In that 
model, failure occurs when the maximum shear stress reaches a critical value, at 
which unstable delamination propagation starts. The failure process is similar to the 
unstable propagation of a crack as the stress intensity factor K reaches the fracture 
toughness K, Hence, the critical value of maximum shear stress is not necessarily re- 
lated to the concrete strength measured under a uniform stress field, as there is no im- 
plicit relation between fracture toughness K, and the strength of a material. Since at 
the stage when maximum shear stress occurs, the interfacial normal stress is compres- 
sive, which is beneflcial to the bonding, the transverse normal stress was ignored in 
the analysis. 
(3) Brief analysis of the above review for the strengthened RC beams 
The preceding discussions of interfacial stresses at the ends of plate or in the vicinity 
of the intermediate cracks in RC beams strengthened with a soffit plate allow some 
useful comments to be made. 
One of the important features with regard to the interfacial stress fields is that there 
exists strong singularity due to the geometric discontinuity or/and different material 
phases. Both the interfacial shear stress and transverse normal stress should approach 
to infinity in an elastic analysis. Alternatively, the linear elastic fracture mechanics 
method emerges to be an ideal approach to cater for this nature. However, in practical 
situation, these extremely high stresses will lead to nonlinear deformations for non- 
brittle materials in the local region. The peak stresses will then shift away slightly 
from the ends of plate. A nonlinear analysis is prerequisite to reflect this accordingly. 
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The most common method of estimating interface shear stress experimentally is based 
on the measured strain gradients along the reinforcement plates. The localized peak 
gradients cannot be detected by a limited number of strain gauges. In other words, all 
the stresses obtained from the experiments are the average values within the two adja- 
cent strain gauges. It is the major reason why the big discrepancy between experimen- 
tal and analytical results has always been observed. It is also worth noting that there 
has been no proper technique and method to measure the interfacial normal stresses so 
far. 
The distribution of the interfacial stresses is very complex near the end of the plate, as 
revealed by the FEM study of Teng et al. (2001b). In particular, the FE results show 
that high peeling stress exists at the adhesive-concrete (AC) interface, and whereas the 
plate-adhesive (PA) interface may experience compression. This high peeling stress 
makes the AC interface the critical interface for debonding failures. This explains why 
PA interfacial debonding has been rarely reported in tests. Due to the singularity, the 
peak values of stresses depend on mesh refinement (Teng et al. 2001b) when linear 
FEM analysis is carried out and it is extremely difficult to converge in the vicinity of 
the singularity points. 
Nevertheless, the linear elastic FE analysis cannot well simulate the plated RC struc- 
tures, as the nonlinear behavior of concrete is frequently dominated by progressive 
cracking. As far as the nonlinear FEM is concerned, either the discrete crack approach 
or smear crack formulation are used. Material non-linearity of concrete is incorpo- 
rated in the NLFEM analysis, and various bond-slip relationships are used to simulate 
the nonlinear behavior in terms of the slip in the steel rebars and/or the bonded plate. 
The dissimilar characteristics in both compression and tension of the concrete material 
make the NLFEM analysis even more difficult to implement. 
However, few studies have discussed the effect of interfacial normal stress on the 
interfacial slip or debonding strength. As far as the author's view is concerned, when 
this normal stress reaches a comparative large value, e. g. at the end of the bonded 
plate, its effect might be quite significant. A further study accounting for this issue is 
necessary. 
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Furthermore, it is a fact that the use of the finite element method is tedious, computa- 
tional expensive and sometime less reliable when material discontinuities are present. 
To model the singularity at the plate end, very fine finite element meshes have to be 
used to obtain a reasonably good solution. For nonlinear problems where iterations are 
required, this solution becomes even more computational expensive. Simple and ex- 
plicit solutions, which present reasonable accuracy, are imperative. 
Simple closed-form solutions assuming uniform stresses across the adhesive layer 
thickness are only capable of finding reasonable predictions of the stresses along the 
middle adhesive (MA) section, as these solutions do not distinguish the two inter- 
faces. Most of the available solutions violate the zero shear stress condition. Although 
this violation may not be important for practical applications, as it affects only stress 
predictions in a tiny zone near the plate end, the inability of such solutions in predict- 
ing the high peeling stresses at the AC interface is of more concern. Nevertheless, 
they provide a useful and simple tool for understanding the interfacial stress behav- 
iour and for use in developing a design rule. In the next section, several debonding 
strength models will be discussed on the basis of the interfacial stresses predicted 
from such a closed-form solution. In these models, debonding failure is deemed to oc- 
cur when these stresses meet certain failure criteria. The correlation to the experimen- 
tal data is not very encouraging. It naturally brings up the essentiality to seek some 
better alternative for the stress solutions. 
Higher order solutions, such as that of Shen et al (2001) and Yang et al (2004), are 
capable of satisfying the zero shear stress condition and predicting the high peeling 
stresses. They are therefore a definite improvement over the simple approximate solu- 
tions in depicting a more accurate picture of interfacial behavior. However, some in- 
herent assumptions, such as the predefined relationship between the shear and normal 
stresses, have limited the accuracy, especially to the interfacial normal stress. Addi- 
tionally, their complexity prevented the wide application of these solutions. Reliable 
and simple stress solutions are sought before a more robust strength model is devel- 
oped. 
Only a few people conducted their analytical nonlinear analysis, e. g. Leng et al 
(2001), Rabinovich and Frostig (2001b) and Ye (2001). To the best of the author's 
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knowledge, they are the only few available in the literature. Owing to the complexity 
of the nature of the nonlinear analysis, all of them have to resort to numerical meth- 
ods, e. g. iterative approach, finite difference method etc., to obtain the results. Also, it 
can be found that all of the work concerned only the nonlinear stress-strain relation- 
ship of concrete and the consequent flexural crack progress in the high bending mo- 
ment area. No one concerned the nonlinear cracking behaviour near the end of the 
plate. However, it was reported that plate end debonding could be largely influenced 
by the softening characteristics of the concrete in the high local stress zone (see Meier 
and Kaiser 1991). From numerical analysis, it was found that the nonlinear compres- 
sive behavior and flexural cracking propagation due to the high bending moment did 
not affect the region in the concrete beam near the cut-off ends of the plate (see Ra- 
himi and Hutchinson 2001 and Aprile et al 2001), while according to the elastic 
analysis of Yang et al (2004), the peak shear stress at the end of the plate is only de- 
termined by the bending moment and shear force applying at the section where the 
plate end locates. From these two arguments, the nonlinear behavior and cracking oc- 
curring in the high bending moment region of the RC beam can not explain the dis- 
proportional increase of the composite strain near the plate end with the applied load. 
A nonlinear fracture mechanics method (NLFM) is needed to investigate both the pre- 
and post-cracking behavior near the plate end, which is trusted to be more meaningful 
to elucidate the mechanism of the local failure. 
1.2.2 Strength Models for Various Failure Modes 
1.2.2.1 Flexural Failure and Flexural Strength Predictions 
If the ends of the plate are properly anchored, the ultimate flexural capacity of the 
beam is reached when either the FRP fails by tensile rupture (mode a) or the compres- 
sive concrete is crushed (mode b). Apart from the improved ultimate strength, less 
ductility and less deformability, due to the high strength and brittleness of the bonded 
FRP plate, this failure mode is very similar to the customary flexural failure of RC 
beams, 
Saadatmanesh and Ehsani (1991) carried out an experimental investigation on 
strengthening undamaged beams with FRP plates. Five rectangular beams and one T- 
beam were tested. Three different reinforcement ratios were used for the tension steel. 
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One beam was under-designed for shear while the remaining beams were slightly 
over-designed for shear according to ACI. One beam was cambered before the FRP 
plate was bonded to its tension flange, to observe the effects of external prestressing. 
All beams were strengthened with FRP plates bonded to their tension flanges. The re- 
sults showed a significant increase in flexural strength, in particular for those with a 
lower steel reinforcement ratio. In addition, plating reduced crack size in the beams 
but somewhat reduced their ductility. 
Philip et al. (1991) conducted another testing program on strengthening undamaged 
beams with FRP plates. The type of FRP plate, plate dimensions and anchoring 
schemes were investigated. The results demonstrated that bonded FRP plates im- 
proved the strength and stiffness of the reinforced concrete beams. 
Quantrill et al (1996a) tested RC beams epoxy-bonded by FRP plates (GFRP and 
CFRP) and the results showed that plating increased the serviceability, yield and ulti- 
mate loads and increased the strengthened member stiffness after both cracking and 
yielding, while reduced the ductility. Investigation was also conducted to show the ef- 
fects of different test parameters on overall flexural behavior. 
EI-Mihilmy and Tedesco (2000) listed some experimental data on the RC beams 
strengthened with externally bonded FRP laminates. All of the listed beams failed ei- 
ther by concrete crushing and FRP rupture. 
Existing research suggests that the ultimate flexural strength of FRP-strengthened RC 
beams can be predicted using existing RC beam design approaches with appropriate 
modifications to account for the brittle nature of FRPs. Consequently, design equa- 
tions for evaluating the flexural strength of RC beams flexurally strengthened with 
FRPs have been presented following the approaches of ACI code (ACI 318-95,1999) 
by An et al (1991), Chajes et al (1994), Nanni et al. (1998), Saadatmanesh and Malek 
(1998), EI-Mihilmy and Tedesco (2000) and Lam and Teng (2001); the Canadian 
code (CSA, 1994) by Chaallal et al. (1998) and British code (BS 8110,1997) by Teng 
et al. (2000). 
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These design equations consider only flexural failure of the plated beam by either 
FRP rupture (mode a) or concrete crushing (mode b) without premature debonding 
failure. The preferred modes of failure to be designed for are concrete crushing fol- 
lowing yielding of steel reinforcement or FRP rupture following yielding of steel rein- 
forcement, with the former being the most favorable (EI-Mihilmy and Tedesco 2000). 
In both modes, yielding of the steel reinforcement precedes failure by either concrete 
crushing or rupture of the FRP, which ensures that failure will occur after the forma- 
tion of large flexural cracks. Such flexural cracks will give some warning of failure 
despite the fact that these failure modes generally show limited ductility. Failure by 
FRP rupture without yielding of steel reinforcement is expected to display roughly the 
same degree of ductility as that of FRP rupture following yielding of steel reinforce- 
ment, but this is unlikely to occur unless the steel reinforcement is located near the 
neutral axis of the beam. Failure by concrete crushing without yielding of steel rein- 
forcement should be avoided as far as possible. A key assumption in developing flex- 
ural strength design equations is that a plane section remains plane. The design equa- 
tions can be found in the guidelines documents referred above. Due to the limitation 
of space, they are not presented in this thesis. 
1.2.2.2 Shear Failure and the Strength Models 
Jansze (1997) pointed out that there are two types of shear failure, i. e. flexural shear 
failure (see Figure 1.2a) as reported in I'Hermite and Bresson (1967) and TaIjsten 
(1994) and plate end shear (see Figure 1.2b) as observed by Sharif et al. (1994) and 
Hussain et al. (1995). 
(1) Modified ACI Shear Strength 
Baluch et al (1994) developed a modified shear strength model for externally bonded 
RC beam. A parameter k indicating the efficiency of the stirrups associated with the 
crack resulting from concrete rip-off failure at or below the level of reinforcement 
prior to a steep access to the point of loading was suggested. Then the modified ACI 
shear strength can be used to predict the shear capacity of the RC beam strengthened 
by steel plate and subjected to three point loading, that is 
V =P12=V +kV, uuc (1.1) 
where V,, is the ultimate shear capacity of section; P,, is the ultimate load; V, and V, 
are, respectively, the shear capacities of the plain concrete and stirrups and 
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where is the concrete cylinder compressive strength; p, =A, lbd is the ratio of 
steel tension reinforcement, A, is the area of steel tension reinforcement, b, is the sec- 
tion width and d is the effective depth of the section ; A,, is the area of the stirrups; 
f,,,, is the yield strength of the stirrups; s is the stirrup spacing; K, = G. (b,, It. ) is the 
shear stiffness of the adhesive layer; K,, = E,, b,, It,, is the normal stiffness of the adhe- 
sive layer; G, b,, and t. are the shear modulus, width and thickness of the adhesive 
layer, respectively; a=M, IV,, is the distance from the support to the nearer end of the 
bonded plate; M. and V,, are the bending moment and shear force at the cut-off ends 
of the plate; EP , bp and tP are the elastics modulus, width and thickness of the 
bonded plate; Il,.,, p is the second moment of area of the cracked plated section trans- 
formed into bonded plate; h,,.,, p is the neutral axis depth of this transformed cracked 
section (distance from the compression face to the neutral axis); Ip the second moment 
of area of the bonded plate alone; and hp is the distance from the compression face of 
the RC beam to the centroid of the bonded plate, 
(2) Modified Kim and White Shear Strength Model 
Jansze (1997) proposed a plate-end shear model for the steel plate bonded RC beam, 
based on the critical crack section analyses of Kim and White (1991). By means of 
analogy between the distance from the support point to the critical crack section of 
conventionally reinforced beams and the unplated length for plated beams, a fictitious 
shear span was introduced. By using the fictitious shear span in combination with the 
CEB-FIP MC90 expression for flexural shear, the plate-end shear load was predicted. 
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This model didn't consider the contribution of shear reinforcement. The critical shear 
force in the RC beam at the plate end to cause debonding V,, is given as follows 
bd PES c 
where 
(1.7) 
d 200 
TPEs = 0, ,8 
Fd 
mod 
g[ oop f 
0 
mod 
ýl- 
+ 
B,,,. 
d ý4 da3 
A 
(1.9) 
Where Bmod is a modified shear span as given by Equation 1.9. If Bmod is greater than 
the actual shear span B of the beam then the modified shear span should be given by 
(Bmod+B)/2. Jansze's model appears to be invalid for soffit plates terminated at the 
support as Brnod becomes zero and Equation 1.8 predicts that shear failure is never 
possible. 
Ahmed et al (2001) extended Jansze's (1997) plate-end shear model to the FRP plate 
bonded RC beam. An extra term was introduced, which reflected the difference of the 
shear stresses if the bonded CFRP laminates were replaced by the steel plate of 550 
N/mm 2 yield strength. Moreover, the increase in shear strength offered by the stirrup 
was also included as seen in Equation 1.11 (see Ahemed and Van Gernert, 1999). 
Their model is given as follows 
V= (rpEs +A r. w u 
where 
(1.10) 
Ssf- 4ý1 21 A rmoD = rpEsb, d + 618 8.5 I, bp If,. Pb,, b, 
17.2366p., d) Af 
0.15776Ff, ++0.9 Sy ys, (1.12) 
B sbc 
Where rpEs is given by Equation 1.8, Sf,, p and S, are, respectively, the first moment of 
area of the FRP plate and the equivalent steel plate, about the neutral axis of a cracked 
section transformed to concrete. The equivalent steel plate has the same tensile capac- 
ity and width as those of the CFRP plate, but has an equivalent thickness determined 
by assuming that the yield stress of steel is 550 MPa. Ifp and I, are the second mo- 
ments of area of a cracked plated section transformed to concrete with an FRP plate 
and an equivalent steel plate respectively, and bp and b,, are the widths of the FRP and 
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adhesive respectively. The stirrup spacing is denoted by s, while A,, and fy,, are the 
cross sectional area and the yield stress of the steel stirrups respectively. For all prac- 
tical purposes b,, is equal to bp. 
(3) The Truss Analogy Model 
Colotti and Spadea (2001) extended the truss analogy model for the conventional RC 
beams to the strengthened RC beams to predict the ultimate shear failure loads due to 
the occurrence of shear cracks. A plastic limit analysis approach was used. A perfectly 
plastic behavior of the materials (concrete and steel) is assumed and the constant bond 
strength model with a zero tension cutoff is adopted. The failure mechanism is charac- 
terized by slipping of the plate located in the shear span zone together with a diagonal 
crack along compression trajectory. The ultimate limit state was described as the bond 
stress value along the bondline reaches the ultimate bond strength and the stirrups 
across the compression trajectory reach their yield strength. Additionally, the contri- 
butions of the concrete in compression and the internal and external reinforcements 
were also incorporated. The FRP plate does not show plastic characteristics, so this 
model applies more suitably to the steel plate strengthening. Owing to the characteris- 
tics of the plastic limit analysis, the model predicts the upper bound of the ultimate 
loads and that is 
a+O-C(a+oy-20p], V>O fl, 
I 
T7a 
UY Cot2 0 +1 < bf 
1ý, 
, cotO 
where 
vpT 
u 'y ; 77 = ýy (I. I 6a-c) b, d b, f, b, df, 
,, 
f,,, Is is the stirrup strength; f, = yf where P,, =A' is the effective compressive 
strength of concrete; v, is effectiveness factor for concrete; Ty = Afy + Apfyp is the 
yield strength of longitudinal reinforcement (bars and plate); a= Bld is the ratio of 
shear span to beam depth; 8= 1P Id is the ratio of plate length to beam depth; 1. is 
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plate length; 0= ulp,, is the ratio of bond strength to stirrup strength; u., is the bond 
strenth; Y7 = T, lb, df, is the degree of longitudinal reinforcement; 0 is the angle be- 
tween diagonal compression stress and beam axis as follows 
Coto 
V,, 
=r Py d y1f, 
(1.17) 
Colotti et al (2001) extended this model to the RC beams strengthened in flexure 
and/or shear with externally bonded FRP reinforcement. 
(4) Critical Diagonal Crack Debonding Model 
Ali et al. (2001) studied the critical diagonal crack (CDC) debonding modes and de- 
veloped an ultimate strength model. In their model, the effect of the stirrups was not 
taken into account according to their preceding experimental finding (see Oehlers 
1992). They adapted Zhang's (1997) shear strength model by considering the effects 
of the bonded plate and equated the shear load to cause diagonal cracking (v ) and the 
shear load to cause failure along cracked section (vf ) to predict the position and 
strength of the critical diagonal crack. That is 
vIr = 
x' + d2 [. & b, + 
mfbptp 
(d + 0.5tp)- (1.18) 
B2d'- 
where f,, f is the effective tensile strength of the concrete, i. e. 
r 2/3 h 0.156f, ' 
c 
(100) 
(1.19) 
and x is the horizontal projection of diagonal crack; h is the overall height of the RC 
beam; m= Ep 1E, modular ration; ft is the direct tensile strength of the concrete and 
can be assumed to be 0.8f6 ; fb is the Brazilian tensile strength of the concrete. 
3.5 8.54 0.25A 0.27+ F) I+W --WX bd 
(1.20) Vf 'A (P)fcl 
Ff" 
ý( 
! ýd 
7 
where A is an experimental constant that depends on load type and equals 1.6 for 
point loads; f, (p) is the parameter, which was firstly given by Zhang(1997) account- 
ing for the restrain provided by the longitudinal reinforcement to the sliding failure 
along the cracked section and then modified by Ali et al (2001) additionally account- 
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ing for the restrain provided by the externally bonded steel plate to the sliding failure 
along the cracked section as 
f 
5 (P) A, ++0.58: 51.26 b, h( 
yp 
'ý-L (1.21) 
where PP is the longitudinal restraining force imposed by the bonded plate as follows 
PP =7 Iftpbp when Lb > 65tp; otherwise PP = 1.09Lbfbp and PP :! ý fyptpbp (1.22a-c) 
where Lb is the bonded length of the plate. Be equalizing Equation 1.18 to Equation 
1.20, the ultimate strength V. and the location of the critical diagonal crack are ob- 
tained. 
This strength model also applied to the plate end debonding failure modes when the 
bonded plate extends to the vicinity of the supports where the critical diagonal crack 
occurs near the plate end. Thus the shear peeling strength is given as follows 
L, 
ýf 
b, 
+ 
mfbptp 
(d + 0.5tp) 
V. =([2d2 
1.2.2.3 Local Failure and the Strength Models 
Although the plate-bonding technique has many practical advantages, ultimate failure 
of a reinforced concrete (RC) beam strengthened for flexure occurs in a brittle manner 
due to sudden debonding of the plate from the concrete. Such a mode of failure not 
only diminishes the strengthening potential of externally bonded plates but also is un- 
acceptable from the point of view of structural safety. Various strength models deal- 
ing with such sort of failure modes have been developed in the existing literature and 
they are reviewed as follows. Some of them have been reviewed by Smith and Teng 
(2002), but for the sake of the completeness, they are also listed here. 
(1) Empirical Models 
Various empirical models were set up to establish a relationship between plates 
debonding and various geometrical or load parameters. Normally the plate width (bp) 
to thickness (dp) ratio was controlled to prevent plate debonding. MacDonald (1982) 
restricted it to a value of not less than 60, whereas Swamy et al. (1987) recommended 
a value of 50. Both of these recommendations were only for using steel plates, and 
there are no similar observations for FRP plates and laminates, probably because of 
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their wide range of material properties. However, even with steel plates, exceptions to 
this rule of thumb have been observed, as for example, in the beams FRB3 and FRB4 
tested by Hussain et al. (1995) (see Mukhopadhyaya and Swamy 2001). Swamy and 
Mukhopadhyaya (1995) attributed the exception to the size effects. 
Even if this plate aspect ratio requirement is met, it is still necessary to ensure that the 
plated section is under-reinforced to avoid the premature failures associated with 
over-reinforced sections. The neutral axis depth is the parameter that determines the 
under- or over-reinforcement condition; based on the ratios of neutral axis depth to ef- 
fective depth for flexural and premature failures in the studies by Swamy et al. (1987) 
and Jones et al. (1982), a ratio of 0.40 or less was recommended to ensure flexural 
failures. 
Swamy et al. (1989) listed the steps involved in an approximate assessment of the 
adequacy of the plate end region of a steel plated beam. The ultimate elastic horizon- 
tal shear stress is found for the transformed section using the long-term modulus of 
elasticity of the concrete, although the short-term value gives a similar stress magni- 
tude. The peak shear stress will be approximately twice the elastic value (Swamy et 
al. 1989). This peak stress is compared with the ultimate shear strength of the 
plate/concrete interface; this strength equal to approximately F2 times the tensile 
strength of the concrete, as seen from the experimentally estimated stresses in the tests 
by Jones et al. (1988). The assessment concludes by finding the factor of safety 
against plate separation, given by the ultimate shear strength divided by the peak 
shear stress. 
(2) Interfacial Stress-based Models 
A popular and logical assumption is that plate end debonding (mode c) or plate end 
interfacial debonding is due to high interfacial stresses at the end of the soffit plate. 
The concrete in the vicinity of plate ends experiences complex stress state, which in- 
cludes longitudinal stress, transverse stress and shear stress (see Figure 1.3). Interfa- 
cial stress-based models generally make use of interfacial stresses analysis, which are 
listed in detail in the preceding section, and a concrete failure criterion, e. g. Mohr- 
Coulomb failure criterion. 
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(a) Oehlers and Moran's Model (1990) 
Oehlers and Moran (1990) proposed, respectively, the serviceability peeling strength 
and ultimate peeling strength for a simply supported RC beam, strengthened in the 
pure bending moment region. They termed this kind of debonding failure as 'flexural 
peeling'. The ultimate and serviceability characteristic strength, which are based on 
the 5% probability of failure level, were also proposed for the purpose of design ap- 
plication. That is 
MSP = (1.24) 0.827EPtp 
M-P = 
EI,,,, f,, (1.25) 
0.474EPtp 
where M SP and 
MP are, respectively, predicted serviceability and ultimate peeling 
moment; fij the cylinder splitting tensile strength of concrete, and can be taken as 
UFf, ', where f, is the concrete cylinder compressive strength in MPa, if it is not de- 
termined from tests. 
In the case of practical designing, the external moment at a distance of 1.2 d from the 
end of the plate does not exceed the following serviceability M,, and ultimate 
M,,, characteristic strengths, i. e. 
EIrc, 
cft (1.26) 
1.86EPtp 
EI,,,, f,, 
(1.27) 
0.901EPtp 
It was suggested that in design, this moment needed only to be compared to the addi- 
tional moment applied to the beam at the plate end after the plate is bonded. 
(b) Ziraba et al's Models (1994) 
Ziraba et al. (1994) proposed an interfacial debonding strength model for steel plated 
RC be=s, and the also referred to Baluch et al. 's (1995) shear strength model to pre- 
dict the debonding strength for plate end debonding. 
In this model, the Mohr-Coulomb failure criterion is used to define the critical stress 
state at plate end interfacial debonding: 
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r+aytano: 5C 
where r and a. are the peak interfacial shear and nonnal stresses at the plate end; C 
the coefficient of cohesion; and 0 the angle of internal friction. The peak interfacial 
shear and normal stresses are given by 
5 
V4 
T= alf. 
CRI 
0 (1.29) 
(f; 4, O-) 
a, = a2CR2r (1.30) 
where CRI and CR2 are obtained from Equation 1.5 and Equation 1.6 respectively; a, 
and q2 are empirical multipliers calibrated from numerical studies for RC beams ret- 
rofitted with steel plates. 
Substitution of Equations 1.29 and 1.30 into Equation 1.28 gives an expression for the 
shear force at the plate end of the beam 
4 
c5 
(1.31) Vd =c 
CRI 
_alfct 
(I + a2CR2 tan 0)] 
where Vd is the critical shear force in the RC beam at the plate end to cause debond- 
ing. This relationship is subject to the constraint of alh < 3, where h is the overall 
depth of the RC beam. The following values for al, q2 and 0 were specified in Ziraba 
et al. (1994): al= 35, a2 = 1.1 and 0= 28". In Ziraba et al. (1994) two values of C 
were used in different numerical examples, namely 2.68 MPa and 5.36 MPa, although 
the criteria used for the selection of these values were not made clear. Ziraba et al. 
(1994) suggested that C lie between 4.80 MPa and 9.50 MPa based on experimental 
and numerical findings. 
(c) Varastehpour and Hamelin's Model (1997) 
Varastehpour and Hamelin (1997) also developed a plate end interfacial debonding 
strength model based on the Mohr-Coulomb failure criterion. In their model, the coef- 
ficient of cohesion C was calibrated from single lap shear tests and the angle of inter- 
nal friction 0 determined from small-scale FRP-plated beam tests that failed by 
debonding. Details of the particular mode of debonding exhibited by these test beams 
were not specified by them. An average value of 5.4 MPa was suggested for C, while 
a value of 33' was suggested for 0. 
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The shear stress required in the Mohr-Coulomb equation is given by 
T= i(ßy. S(, tv. y-s (1.32) 
This equation was modified from the following expression for the shear stress be- 
tween a steel soffit plate and an RC beam originally proposed by Jones et al (1988) 
using the classical shear stress method: 
T= AVO (1.33) 
where A is the rigidity of the section defined by 
tPEP (hp 
- h,,,,, 
) 
I,,,,, E, 
where I,,,, is the cracked transformed second moment of area of the plated section 
transformed to concrete. In Equation 1.32, the factor j8 was 
introduced to account for 
the effect of various variables that have a significant influence on the interfacial shear 
stress between the RC beam and the soffit plate, such as the rigidity and thickness of 
the plate, geometry of the section, and nature of loading based on a parametric study 
using a numerical model which considered slip between the plate and the RC beam. 
The following expression was developed by them for, 8. 
1.26x IOB (1.35) 
h 0.7t PEP 
The normal stress a 
.y 
is related to the shear stress as derived by Roberts (1989) 
Cr, = CRlr (1.36) 
The shear force in the beam, at the plate end to cause debonding, can then be deter- 
mined by 
2 
1.6rl Vd ýýý Liax (1.37) 
Afi 3 
where 
5.4 (1.38) 
1+ CR2 tan 33' 
Saadatmanesh and Malek's Model (1998) 
Saadatmanesh and Malek (1998) developed a debonding strength model to predict 
plate end debonding in FRP-plated beams based on the assumption that PED failure is 
Chapter I 
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related to high stresses at the plate end. Of the three stresses present at the end of the 
soffit plate, the shear stress r and the normal stress cy are from a closed-form solu- 
tion derived by Malek et al. (1998) while the longitudinal stress is from a section 
bending analysis, all based on an uncracked section. This closed-form solution was 
derived assuming the following quadratic distribution for the bending moment, which 
can accommodate both point and uniformly-distributed loads: 
M=a, (x+a)'+a2(X+a)+a, (1.39) 
where x is the distance along the soffit plate from its left end. For a simply supported 
beam subjected to three or four point bending, the bending moment at the plate end 
(Mo) for a soffit plate terminated in the shear span is given by M,, = a, a + a, - Under 
this bending moment distribution (Equation 1.39), the interfacial shear stress r at the 
plate end is given as 
r=t, 
(b, VA +bj (1.40) 
where 
A =_Ga t,, t,, E, p 
b2= 
Ep (hp 
- h,,,,,, 
X2aja + a2) 
I,,,., E, 
b3= Ep I (hp -h 
Xala 2 +a, a+a3)+2 
a, E P (hp -tP (1.43) 
[7 
..... 
E,, I 
..... 
E, G. 
_ 
where is the uncracked second moment of area of the plated section transformed 
to concrete, and hl,,, is the neutral axis depth of this transformed section. The normal 
stress ay at the plate end is 
K,, vp Vo'+, 6*ýLo 
+ 
qEPIP ) 
Ep Ip Ej, bpEj, 
where 
0= Vo 
V* - 0.5hbptp 
(b3 
ýFA + b2) (1.45) 
Vp = -0.5bp 
t2(b 
3 
ýA- +b2 (1.46) p 
and 
1 
K,, b 
p 
)4 
(1.47) 
4b. EPIP ) 
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where I, is the second moment of area of the beam and q is a uniforrnly distributed 
load if such a load exists. 
The longitudinal stress a, ., at 
the base of the RC beam, at the end of the soffit plate, 
due to a bending moment Mo can be determined from a bending analysis of an un- 
cracked section. The bending moment in the concrete beam at the plate end is in- 
creased by an amount M, defined as follows and attributed to the peak interfacial 
shear stress: 
M. = 0.5habpr (1.48) 
Once all three stress components at the plate end are determined, the maximum prin- 
cipal stress can be found as follows 
a., + ay ) cr (1.49) 
At the plate end, the concrete is generally subjected to biaxial tension. Plate end 
debonding is deemed to occur when the maximum principal stress (in MPa) reaches 
the concrete splitting tensile strength, that is, when 
a, = f,, = 0.295ý, 'y 
Tumialan et al's Model (1999) 
(1.50) 
Tumialan et al. (1999) developed a plate end debonding strength model for FRP- 
plated beams. Their model is in principle similar to Saadatmanesh and Malek's model 
(1998) reviewed above, in which the stresses acting on a concrete element at the plate 
end are determined and checked against a failure criterion of the concrete. The differ- 
ences lie in how these stresses are evaluated. In Tumialan et al's model (1999), the 
peak interfacial shear and normal stresses at the plate end are determined from the so- 
lution of Roberts (1989) as follows: 
EPv 
,v "'ý 
CRI 
E, 0 
(1.51) 
Cy = CR2r (1.52) 
where CR2is defined by Equation 1.6, while URI is given by 
0.5 
URI 
+ K, mo bptýý_ (hp 
- h,, I, 
) 
Epbptp VO 
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The factor URI here differs from CRI in Roberts (1989) in that the neutral axis and 
corresponding second moment of area are here based on an uncracked section trans- 
formed to concrete as opposed to a cracked section transformed to the plate material. 
As a result, the modular ratio of EpIE, is included in Equation 1.5 1. The longitudinal 
stress at the base of the RC beam a,, at the plate end, is also determined from a bend- 
ing analysis of an uncracked section. However, the additional component induced by 
the interfacial shear stress as considered by Saadatmanesh and Malek (1998) in Equa- 
tion 1.48 is not included here. 
Once the stresses at the plate end are determined, the maximum principal stress o-I can 
be easily determined using Equation 1.49. Failure by plate end debonding is deemed 
to occur when this maximum principal stress al reaches the modulus of rupture of the 
concretef, which is taken as 0.689 (MPa) (8.3 
Ff, 
psi, [Mirza et al (1979)]). 
(0 D-Mihilmy and Tedesco's Model (2001) 
Ei-Mihilmy and Tedesco (2001) reviewed some existing interfacial stress based 
strength models, including Jones et al's model (1988), Roberts' model (1989), Ziraba 
et al's model (1994), Quantrill, Hollaway and Thorne's model (1996), TaIjsten's 
model (1997) and Malek and Saadatmanesh's model (1998). Jones et al. 's model 
(1988) was here categorized as the empirical model in the Section 1.2.2.3-(1). Apart 
from the models already been reviewed in preceding section, Ei-Mihilmy and Tedesco 
(2001) utilized some other failure criteria of concrete in conjunction with the various 
stress formulas. For instance, the limiting shear stress was setting between 3 and 5 
MPa for steel soffit plates in Roerts's (1989) stress equations; in Quantrill et al. 's 
(1996) equations, the peak interfacial shear stress was limited under 8 MPa, and a 
normal stress was in the range of 5 to 7AMPa for GFRP, and the limiting shear stress 
was 11.15 MPa with a normal stress 6AMPa for CFRP; in Taljsten's (1997) equa- 
tions, Tasuji et al. 's (1978) failure criteria was used. Inconsistency was found in these 
strength models, which either overestimate or underestimate the failure loads. Thus 
Ei-Mihilmy and Tedesco (2001) proposed an improved model, which modified and 
simplified Roberts' equations (1989) and accounted for the nonlinearity that exist at 
the concrete-adhesive interface. 
LEEDS UNIVIERSITY LIBRARY 
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The maximum shear stress at plate cut-off points -rma, is 
T. 
ax -,: r+ af ax 
In Equation 1.54, r is the classical (Jourawski) shear stress given as 
Votp (hp - h,,,, 
) 
III-Clc 
where a. is the longitudinal normal stress in the soffit plate, that is 
moy, 2 (hp 
-c ax f III-C, c 
where MO is the bending moment at plate cut-off point, Vf is the moment factor: 
,<0.1 yff =1.35-12.51 
(1.57) 
where L is the total span of the soffit plate. 
The maximum peeling stress at plate cut-off point ay, max 
is 
Cy, 
max -,: 
1.34a-frmax 
in which 
af = 0.28F; pp 
ýýI'p 
Then Tasuji et al. 's (1978) failure criterion was used to predict the failure load. As far 
as the biaxial tension state is conserned, failure occurs if the principal stress (in MPa) 
reaches the concrete splitting tensile strength that is when 
a, = f, = kV, ' 
Y2 
(1.60) 
where the factor k is set to 0.53 for normal-strength concrete (f., < 55 MPa) while it is 
0.59 for high-strength concrete. It is noted that in Models (a), (d) and (f), the concrete 
splitting tensile strength f,, is obtained by using various formulas which are taken 
from different references cited in their original papers. 
(3) Concrete Tooth Model 
Raoof and his associates (Zhang et al. 1995, Raoof and Zhang 1997) developed a 
debonding model for the steel plated RC beams based on the formation of 'teeth' 
along a shear span which is similar to the 'comb' model suggested by Kani (1964)for 
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the transfer of shear. The width of a tooth in the shear span, which is a very important 
parameter in the model, is determined by the stabilized minimum crack spacing that 
depends on the bond strength of the reinforcing bars which is assumed to be constant 
along the shear span and here was modified to accommodate the effect of the bonded 
plate. A tooth is then assumed to act as a cantilevered beam that is subjected to hori- 
zontal shear flow forces at its free end (Figure 1.4). The shear now stresses, on the 
other hand, are stresses acting at the interface between the externally bonded plate and 
the concrete, based on the maximum direct stress in the plate that is located at the po- 
sition of maximum bending moment at the end of the shear span remote from the plate 
end. Debonding is deemed to occur when these shear stresses lead to tensile stresses at 
the root of the "tooth" that exceeds the tensile strength of the concrete. A lower bound 
and upper bound to steel plate normal tensile stress were obtained and based on these 
stresses, the bounds of the ultimate peeling bending moments were predicted by using 
the method with the assumption of plane-section bending. Wang and Ling (1998) and 
Raoof and Hassanen (2000) extended this model to cases where FRP plates are used 
for upgrading RC beams in flexure. Recently Zhao et al. (2001) conducted some ex- 
periments to investigate the applicability of tooth model. Experimental results indi- 
cated the reasonability of tooth model in term of the failure mechanism. 
(a) Raoof and Zhang's Model 
The tooth model was first proposed in Zhang et al. 1995. They assumed that the inter- 
facial stresses were distributed uniformly throughout the shear spans. Raoof and 
Zhang (1997) extended it catering for non-uniform distribution of shear stress 
throughout the bonded length of plate in the shear spans. Minimum and maximum 
crack spaces (I.,, and I.. respectively) are determined, which lead to a lower and an 
upper bound stress in the plate to cause debonding respectively. The spaces of these 
cracks differ by a factor of two 21,, Ii. 
). The minimum space of a crack I. j., 
termed the minimum stabilized crack spacing (see Zhang et al. 1995), is given by 
Aj, 
Obý, + bp ) 
(1.61) 
where A, is the area of concrete in tension, u the steel-to-concrete average bond 
strength, ZOb,,,, the total perimeter of the tension reinforcing bars. It is assumed that 
u=0.28j-,. (in MPa) and f,, = 0.36j-,. (in MPa). In the case of an RC beam with a 
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single layer of steel tension reinforcement, A, is twice the distance from the centroid 
of the tension reinforcement to the base of the RC beam multiplied by the width of the 
RC beam. 
Ignoring interaction between adjacent teeth and assuming elastic behaviour, the re- 
quired shear stress to cause failure of a tooth can be determined. Failure of the tooth 
occurs when the stress at point A (Figure 1.4b) exceeds the tensile strength of the con- 
crete. The tensile stress at point A, o-A, can be determined from 
6A ý 
MA (1) 
IA 2 
(1.62) 
whereMA= rlbph' and I. = bPI' / 12. Here, I is the crack spacing (minimum or maxi- 
mum), h' is the net height of concrete cover measured from the base of the steel ten- 
sion reinforcement to the base of the concrete beam, r is the shear stress at the 
interface between the concrete and the soffit plate, IA is the second moment of area of 
the tooth, and MA is the moment at the base of the tooth. 
Substitution of M4 and I .4 
into Equation 1.62 and assuming that at the instant of plate 
debonding, f the shear stress at the interface between the concrete and the steel 
plate based on a minimum stabilized crack spacing can be determined. In this tooth 
theory, all teeth in the end anchorage zone are assumed to fail simultaneously at 
debonding. 
'rmin = 
fa '. 
in b, 
6h' bp 
(1.63) 
The minimum stress in the soffit plate cr,,,, i,, required to cause flexural cracking and 
failure of a tooth covering the minimum stabilized crack spacing can then be deter- 
mined as follows: 
= 0.154 
L, 4b, 'Jf-ý 
(1.64) 
h'bptp (Zobars+ bp) 
where Lp is an effective length of soffit plate for end anchorage, and h, is the distance 
from the centroid of the tension reinforcement to the base of the RC beam. 
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In Zhang et al. (1995), the effective length for end anchorage was taken as the length 
of the soffit plate in the shear span (in Figure 1.4a this is indicated as LP, ). In Raoof 
and Zhang (1997), it was recommended that the effective length for end anchorage be 
the smaller of the length of the soffit plate in the shear span LP, and the following 
lengths Lp2 which were calibrated against test data of steel, plated RC beams that 
failed by plate end debonding: 
Lp2= I. i. 
(21- 0.251min ) 'min :5 72mm (1.65a) 
Lp2= 31. in 
'min> 72mm (1.65b) 
Once the stress in the plate is known, the moment to cause debonding of the plate, at 
the same location as the stress, can be calculated using a conventional section analysis 
with the assumption of plane section bending in accordance with Zhang et al. (1995) 
and the tensile strength of concrete taken into account. A lower and an upper bound 
bending moments are determined as a consequence of the assumed minimum rnin 
and maximum (I.,, ) stabilized crack spacings differing by a factor of two. 
For a simply supported beam under four point bending with the plate positioned in the 
constant moment region, Raoof and Zhang (1997) specified that the effective length 
should be obtained from Equation 1.65b as the length of the plate in the shear span 
L, j is zero. 
(b) Wang and Ling's Model (1998) 
Wang and Ling (1998) proposed a modification to Zhang et al. 's tooth model (1995) 
to make it suitable for FRP-strengthened beams. This involved modifying the average 
bond strength between the concrete and the plate, leading to the following formula for 
the minimum crack spacing: 
Aef,, 
u, 
1: Ob,, 
rs 
+ upbp 
(1.66) 
where us = 0.3 13Ff, * is the average bond strength between the steel tension rein- 
forcement and concrete and is the same as that used by Zhang et al. (1995) assuming 
f, = 0.8f,,,. up is the average bond shear strength between the FRP and the concrete 
and was taken as 1.96 MPa. 
41 
Introduction and Literature Review Chapter I 
Once the minimum stabilised crack spacing is determined, the remainder of the analy- 
sis is essentially the same as that given in Zhang et al. (1995) although the effective 
length for end anchorage taken by Wang and Ling (1998) was the total plate length in 
the shear span. In Wang and Ling's model, the tensile strength of concrete was not in- 
cluded in the section analysis for relating the bending moment in the beam to the 
stress in the plate. Similar to the model of Zhang et al. (1995), an upper bound solu- 
tion of Wang and Ling's model is obtainable by replacing their minimum crack spac- 
ing (Equation 1.66) with a maximum crack spacing which is twice the former. 
(c) Raoof and Hassanen's Model (2000) 
Raoof and Hassanen (2000) also modified Zhang et al. 's model (1995) for application 
to FRP-plated beams. Two expressions were presented for the effective length of the 
FRP plate for end anchorage, which included two values for the bond strength be- 
tween the FRP and the concrete. These modifications leaded to two new models. They 
are referred to herein as Raoof and Hassanen's model I and model 11. 
In Raoof and Hassanen's model 1 (2000), Equation 1.65 is retained to calculate the 
minimum stabilised crack spacing. The effective length of the plate for end anchorage 
is taken to be the smaller of the plate length in the shear span (LP, in Figure 1.3a) and 
the following lengths which were calibrated with test data of FRP-plated RC beams 
reported to have failed by plate end debonding: 
Lp2= I. i,, 
(24 
- 0.51. j. 
) I. i,, :5 40 mm (1.67a) 
Lp2 
--,,: 
41min 'min> 40mm (1.67b) 
In Raoof and Hassanen's model II, the bond strength between the FRP plate and the 
concrete is specified as 0.8 MPa, while the bond strength between the steel tension re- 
inforcement and the concrete is still the same as that originally specified in Zhang et 
al. (1995). The effective length of the FRP plate for end anchorage is defined as the 
smaller of the plate length in the shear span and the following lengths which were 
calibrated with test data of FRP-plated RC beams reported to have failed by plate end 
debonding using the new value of FRP-to-concrete bond strength: 
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LP2 ý- 'min (11.6 - 0.171. i. 
) 1. in :5 56.5 mm (1.68a) 
LP2 = 21. in 
1. 
in > 
56.5 mm (1.68b) 
Once the stabilised crack spacing and the effective length of FRP plate for end an- 
chorage are determined, the remainder of the analysis is the same as that given in 
Zhang et al. (1995). 
(4) Interaction Model 
(a) Oehlers'Model (1992) 
Oehlers' Model (1992) proposed this model to determine an interaction envelope to 
describe the combination of shear and flexural peeling in steel plated beams. The 
work was based on experimentally tested beams plated over their full width, in which 
the length of plate and the shear span were varied so that the end of the plate was lo- 
cated in positions of varying proportions of bending moment and shear force. The en- 
velope was described by 
m+v 
: 51.17 (1.69) M. V. 
and 
M:! g ml, V: 5 V, (1.70) 
Where M and V are respectively the serviceability/ultimate debonding moment and 
shear force at the cut-off ends of the bonded plate; M,, is the serviceability/ultimate 
debonding moment for a plate terminated in the constant bending moment region and 
is given by Equation 1.24 or 1.25; and V,, is the serviceability/ultimate shear strength 
of the corresponding un-strengthened beam without shear stirrups, which can be 
found in most codes of practice. When Equations 1.69 and 1.70 are used for design- 
ing applications, the characteristic values for M,, and V,,, rather than the nominal ones, 
should be used, e. g. M,, should be taken as provided by Equation 1.26 or 1.27. 
(b) Garden's Model (199 7) 
Garden (1997) proposed another interaction envelope based on the maximum global 
shear force and bending moment of the plated beams. This is a modification of 
Oehlers' (1992) model to consider the ultimate failure of the bonded beams rather 
than the initial onset of plate debonding. This interaction envelope could include the 
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transition from local failure modes towards flexural failure modes. It is calibrated 
from the experiments of the beams bonded with FRP plates. Therefore, it is suitable 
for FRP bonded beams. The interaction equation is 
0.3 8 
V"' 
- 
M"' 
= 0.0076 V., M. ft'. 
(1.70) 
where V,, j, is the ultimate shear force at failure of the beam; M,, j, is the ultimate bend- 
ing moment at the loading positions at failure; V,,, is the ultimate shear capacity of 
beam with internal tensile rebars but without internal shear stirrups; M,,,,,,, is the theo- 
retical global bending moment at the loading position corresponding to flexural fail- 
ure, and can be obtained by the strain compatibility iterative method described in Sec- 
tion 1.2.2.1. 
Smith and Teng's Model (2001) I/ 
Smith and Teng (2001) also extended Oehlers' (1992) model to predict the debonding 
strength of RC beams bonded with FRP plates. In their model, they ignored the effect 
of bending moment and factored the ultimate shear capacity of the unplated beam 
without shear stirrups. That is 
Vd ý 17K (1.71) 
where V. was taken from the Australian Concrete code (AS 3600 1988): 
V. = [1.4 - (d12000)ý, dý, f, ' 
]13 
where p, =A, lbd is the ratio of steel tension reinforcement and it is required that 
1.4-(d/2000)> I. I. 
(5) Fracture Mechanic-Based Strength Model 
In this type of model, stress intensity factors or energy criteria, such as the strain en- 
ergy release rate (ERR) in the context of linear elastic fracture mechanics (LEFM) and 
fracture toughness in the context of nonlinear facture mechanics (NLFM), replaces the 
stress criteria in the prediction of the interfacial crack initiation and growth. Although 
this approach is commonly used in aerospace and mechanical engineering practice, 
application of this concept in the analysis and design of RC structures is still limited. 
The main obstacle to apply this approach lies in the necessity for an accurate and reli- 
able solution of the stress and deformation field near the crack tip or at the delamina- 
tion front. 
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(a) Triantafillou and Plevris's Model 1 (1991) 
Triantafillou and Plevris (1991) considered the peeling of a plate at the base of a shear 
cracks that was influenced by the size of the vertical and horizontal crack opening, Y 
and V, respectively, at the base of the crack. It was acknowledged that, for a given 
provision of internal shear reinforcement, these crack openings are controlled by the 
area fractions of the internal longitudinal steel and the external plate (if the beam is 
shear strengthened). Thus the applied shear force at which the plate initially separated 
at the shear crack V,, d was related to the crack openings and the shear provision 
by 
Vscd"(VIW)crEGA (1.73) 
where EGA is the total shear stiffness provided by the internal links and the external 
plate. It was suggested by Triantafillou and Plevris (1991) that shear crack-induced 
debonding occurs when the ratio, v/w reaches a critical value (, Iw). that is a character- 
istic value of the plate/concrete bond. This method can only be applied if Equation 
1.73 is calibrated with sufficient experimental data. However, it is seen qualitatively 
that a greater density of shear reinforcement will modify the failure load and/or failure 
modes by preventing or reducing the vertical step at a shear crack. Therefore, the find- 
ing of Oehlers (1992), that the shear reinforcement provision does not influence the 
ultimate condition, is valid only for cases of plate end debonding rather than shear 
crack-induced debonding. 
(b) Triantafillou and Plevris's Model 11 (1991) 
Triantafillou and Plevris (1991) also investigated the debonding along the bond line 
due to, for example, the occurrence of flexural cracks. They also attributed the causes 
which trigger this failure mode to (a) imperfections in the spreading of the adhesive; 
(b) peeling-off of the composite when the concrete tensile face is not perfectly flat and 
(c) fatigue loads, though they are rare. They referred to a numerical study undertaken 
by Anandarajah and Vardy (1985) to investigate interfacial fracture, where a linear 
elastic fracture mechanics model (LEFM) was based. The crack propagation along the 
bond-line resembled fracture mode Il and the compliance method was used to obtain 
the strain energy release rate GII, i. e. 
P2 dC 
2b, da 
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where C is the compliance of the plated beam under applied load P and a is the crack 
length. The rate of change of compliance, with respect to interfacial crack length, i. e. 
dc1da, cannot be found directly, but may be determined using a numerical procedure 
to find the variation of C with a and then to determine dc1da (see Anandarajah and 
Vardy 1985). When the strain energy release rate GII reached the critical strain energy 
release rate Gjl,,., the crack propagated catastrophic and the failure progress acceler- 
ated. 
(c) Neubauer and Rostasy's Model (1999) 
Neubauer and Rostasy (1999) extended a fracture mechanics model for bond strength 
of bonded CFRP-plates, derived from bond test, to beams subjected to bending and 
shear. In a bonded beam, vertical shear crack mouth displacements can reduce bond 
strength by reducing the total fracture energy, that failed the local bond. The shear 
crack mouth displacements for a CFRP strengthened RC beam were calculated, ac- 
cording to the acting forces, the geometry, the reinforcement and the material parame- 
ters of the beam. Then a mixed mode fracture mechanics approach was used to quan- 
tify the loss of bond strength due to simultaneous action of bending and shear. They 
found that in most cases, bond strength reduction due to the vertical shear crack dis- 
placement would range from 5% to 10%. 
(d) Rabinovitch and Frostig's Model (2001) 
Rabinovitch and Frostig (2001) conducted a comprehensive stress analysis of the 
strengthened RC beam using a closed-form high-oreder (CFHO) approach and pre- 
dicted the interfacial delamination failure using an energy release rate (ERR) crite- 
rion. The ERR was calculated by the Antegral formulation. Three critical sections of 
the strengtheened beam, namely, at the plate end (the edge of the FRP strip), near a 
flexural crack and in the vicinity of a flexure-shear crack were investigated. Due to 
the complexity of the stress field as discussed in Section 1.2.1, the Antegral has to be 
calculated by the numerical methods. Numerical studies showed that the ERR de- 
cayed with the delarnination growth at the flexural and flexural-shear cracks and the 
delamination was arrested when the ERR went below the critical fracture energy G, 
While at the plate ends, the ERR increased as the delamination progressed. This sug- 
gests that once the delamination reaches a critical length at which the ERR equals to 
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the critical fracture energy G,, an unstable delarnination growth is developed and a 
brittle failure of the beam is expected. 
FRP EBR Model (2001) 
fib Task Group 9.3 EBR sub-group developed a debonding strength model in a unified 
way for both plate end debonding and intermediate crack-induced debonding based on 
the interface shear stress-slip law and the envelope line of tensile stresses in the 
FRP(Niedermeier 2000). The main principle of the method is to compare the maxi- 
mum possible increase in tensile stress with the external bonded reinforcement (EBR) 
to the increase resistance according the design assuming full composite action. The 
basis approach consists of three steps, i. e. (1) determination of the most unfavorable 
spacing of flexural cracks; (2) determination of the tensile force within the EBR be- 
tween two subsequent cracks according to the design in bending; and (3) determina- 
tion of the maximum possible increase in tensile stress in the EBR. According to this 
method, the most unfavorable spacing of flexural cracks is: 
21, =2m1 
Z E-r b +l]r d ; r) 
(1.75) 
,. p ,. , . 
1.8 5f,. (1.76) 
0.44f,. (1.77) 
Mcr = 
kfc, bc D2 (1.78) 
6 
(DE A + dEA, ) P P z. = 0.85 (Ef Af + EAj 
(1.79) 
where s,. is the mean value of crack spacing ; 1, is the transferring length; m, is the 
cracking moment; z. is the mean lever arm of internal forces; r,. is the mean bond 
stress of steel reinforcement; rfi, is the mean bond stress of FRP; f,. is the mean 
value of the concrete tensile strength; d, is the diameter of steel rebars; k is the reduc- 
tion factor; D is the overall depth of the RC beam. Using the flexural analysis, the ten- 
sile stresses at each cracks are calculated, during which the shift rule according to 
EC2 should be applied. Then the permitted maximal increases in tensile stresses in the 
EBR are showed as an envelope line in Figure 1.5 (the solid line) and for each part 
they are given as : 
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0.1 8SEf 
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In the above equations, If 3' afd and I fid, vwx are respectively nominal stress, design 
value of stress, and design value of maximum anchorage stress in FRP. f,,, f,,. and 
ffd are respectively characteristic value of the concrete compressive strength, mean 
value of the concrete compressive strength, and design value of FRP tensile strength. 
y, is the material safety factor for the concrete. 1, and 
lb 
.. are 
bond length and 
maximum anchorage length. 
(0 Teng and Chen's Model (2001) 
Teng et al. (2001a) indicated that intermediate crack-induced interfacial debonding 
failures have much in common with debonding failures observed in simple shear test. 
The simple strength model of Chen and Teng (2001) for steel and FRP plate-to- 
concrete bonded beams, which was derived based on the NLFM method and then cali- 
brated by experimental data, was modified to predict the intermediate flexural crack- 
induced debonding by Teng et al (2001c), i. e. 
adic= a, 6p, 6L 
Ep , 
rf-, ' (1.87) 
tp 
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where a, 8, and & are the calibration coefficients which are given respectively in 
Teng et al (2001c) and Chen and Teng (2001); cjs the stress in the FRP when the 
intennediate crack-induced debonding occurs. Once the plate stress, a,,,, in a critical 
section is predicted using Equation 1.87, the debonding moment capacity can be cal- 
culated by the conventional section analysis. Teng et al. (2000) also recommended 
this strength model to predict the shear or shear/flexural crack-induced debonding, af- 
ter they found the predictions were favorably conservative. 
1.2.2.4 Concluding Remarks on the Review ofStrength Models 
Table 1.2 shows the applicability of the preceding reviewed strength models. From 
Table 1.2, we can see that not all the strength models apply to both steel plate and 
FRP plate strengthening. This is because of the significant differences of the material 
properties between these two bonded materials. Except for the interfacial stress-based 
strength models, all the other strength models are concerned with the ultimate debond- 
ing loads, at which the ultimate debonding failure occur. Generally speaking, at the 
ultimate limiting state, it is very difficult to distinguish one debonding mode ftom the 
others. However, one common feature of all these failure mechanisms is that cracks 
occur due to complex stresses, which is the key cause leading to failure. The differ- 
ence among them is that the cracks from the plate end have different inclinations, 
which has close relation with the various magnitudes of failure loads and brittleness 
when failure occurs (Teng et al. 2001a). The degree of the inclination of a crack is 
believed to relate to the stress state at the crack tip, i. e. the interaction between the 
stress components. Owing to the complexity of the failure mechanism and affecting 
factors, most of the existing strength models were calibrated by the experimental data. 
From Table 1.2, we can see that all the interfacial stress-based strength models are 
concerned with serviceability strength. However, it is the ultimate failure loads other 
than the initial debonding loads were recorded in the existing experimental database, 
since it is very difficult to observe the onset of the debonding by naked eyes when the 
first fine inside crack occurred. In some literature, the predicted serviceability strength 
was compared with the experimental ultimate strength, which is arguable. Another 
point, which should be noted, is that some of the existing analytical stress predictions, 
either based on the elastic analysis or calibrated by the numerical results taking into 
account nonlinearity, are not accurate enough. It is one of the reasons that lead to in- 
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consistent reliability of the strength models. Thus a more reliable stress analysis ap- 
proach, which is simple but can reflect the real status of the strengthened RC beam, is 
required. 
1.2.3 Some Other Aspects of the EPB Techniques 
1.2.3.1 Effect of the Plate Anchorage Lengths upon the Premature Failure Loads 
Jones et al. (1980) tested some steel bonded beams with a constant span between the 
two beam supports. The beams were loaded with a variable load span such that the 
shear span/depth ratio ranged from 1.7 to 3.7. Plated beams with shear span/depth ra- 
tios of 1.7 and 2.4 failed in shear while a shear span/depth ratio of 3.7 resulted in 
flexural failure, with concrete crushing at the top of the beam. Weder and Ladner 
(1981) tested steel plated beams whose anchorage length varied with plate width to 
maintain a constant bonded area. The beams strengthened by the plate with the high- 
est aspect ratio while shortest anchorage length failed in flexure, whereby yielding of 
the steel plate preceded concrete crushing at the top of the beam. This indicated that a 
high plate aspect ratio might compensate for a low anchorage length, preventing the 
concrete cover separating from internal reinforcement. Beams with lower plate aspect 
ratios and greater anchorage lengths failed by separation of the concrete cover layer 
from the internal rebars, highlighting the inability of long anchorage lengths to pre- 
vent this failure mode when the plate was narrow and thick. Johnson and Tait (1981) 
used a cantilever loading arrangement to apply bending and tension loading to rein- 
forced concrete members strengthened by externally bonded mild steel plates. The 
length of bonded plate was varied to achieve different ratios of bond length to loaded 
span. The premature failure occurred at relatively low anchorage lengths. Jansze 
(1995) tested beams in which steel plates were bonded up to three different distances 
from a loading point in order to provide three anchorage lengths for comparison. All 
three specimens failed by separation of the concrete cover layer from the internal lon- 
gitudinal reinforcement, initiated at the end of the plate. Bond line shear stresses, de- 
termined from plate strain data, became greater with reducing anchorage length at a 
given applied load. Failure loads were found to be lower under shorter anchorage 
lengths. Garden et al. (1997) carried out an experimental parameter study of the 
strengthening of reinforced concrete beams by bonded composite plates. Plate geome- 
try and applied load configuration are studied, revealing that bonded plates increase 
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the ultimate capacity of beams but reduce ductility. Ultimate capacity falls with reduc- 
ing plate aspect ratio and beam shear span/depth ratio. Failure under low shear 
span/depth ratios is associated with high plate strains, while this is not always the case 
for high shear span/depth. Four point bending and cantilever loading are used by Gar- 
den et al (1998) to show that the ultimate capacities and failure modes of reinforced 
concrete beams externally strengthened with bonded composite plates are dependent 
on the shear span/depth ration. Strengthened members are found to fail by separation 
of the concrete cover from the internal rebars throughout the whole of one shear span 
under low shear sPan/depth ratios, while a thinner concrete layer is separated at higher 
ratios. Peeling of the plate end is thought to occur under low shear span/depth ratios. 
The end of the bonded plate in the failed shear span experiences strain increases rela- 
tively soon after yield of the internal steel when the shear span/depth ratio is low, but 
the plate ends are less sensitive to yield under higher ratios, indicating the lower shear 
transferred into the concrete via the adhesive at the plate ends. Ultimate bending mo- 
ments are found to reach an upper limit with increasing shear span/depth ratio in the 
range of ratios studied. Adhesive shear stresses are of great magnitude at the ends of 
the plate under low shear span/depth ratios. Garden and Hollaway (1998a) conducted 
an experimental study for the CFRP plated bonded RC beams to investigate the influ- 
ence of plate end anchorage. Results found that the structural benefit of plate end an- 
chorage diminishes as the shear span/depth ratio of the beam increases. Also influ- 
enced by the shear span/depth ratio is the plate anchorage length, which determines 
the magnitudes of the shear and peel stresses at the ends of the bonded plate. 
1.2.3.2 EndAnchorages 
Swamy and Mukhopadhyaya (2000) experimentally investigated the plate-debonding 
phenomenon when CFRP laminates were used as externally bonded additional rein- 
forcement to strengthen existing RC beams. The test results show that although 
strengthening with CFRP laminates can impart many structural benefits, in terms of 
strength and stiffness, to the strengthened member, failures of the strengthened beams 
invariably occur in a catastrophic manner with much reduced ductility and a sudden 
loss of load capacity. Test observations also indicated that the complex stress system 
at the end of the laminates, leading to bond slip and plate separation, and the bond slip 
of the laminate itself along the span at critical sections of cracking and both of these 
can be successfully overcome by a judicious combination of end anchorages, addi- 
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tional intermediate anchorages along the span and lateral confinement of the compres- 
sion zone. A definition of structural ductility was also put forward in their paper and 
can form a sound engineering basis to evaluate the structural behavior of beams 
strengthened by CFRP laminates. 
1.2.3.3 Strengthened with Prestressed FRP Plates 
Triantafillou et al. (1992) established a new method of strengthening and/or reinforc- 
ing concrete structures involving external bonding of pretensioned FRP sheets on their 
tension zones. An analytical model for the maximum achievable prestress developed 
in an earlier study is summarized and verified with test. Garden and Hollaway 
(1998b) made an extensive literature review about the previous work on the 
prestressed composite plates bonding technique. It was found that using prestrssed 
plate bonding technique could reduce the crack width, improve the shear resistance of 
concrete beams and change the failure modes compared with the non-prestressed 
bonding. Then the authors carried out some tests to study the failure modes of FRP 
prestressed concrete beams. The test results found that the prestressed beams normally 
failed by plate fracture, which longitudinal splitting developed progressively in the in- 
terlaminar interfaces. Quantrill and Hollaway (1998) also studied the advantage from 
the prestressed bonding to RC beam. After a literature review, they presented an ex- 
perimental work on the structural behavior of RC beam for which an initial prestress 
was applied to the external FRP plate prior to bonding. Their findings on the benefit 
from the prestress bonding included increasing the cracking load, serviceability load 
in case of steel stress status governing such a load, yield load and maximum load, and, 
however, the increases of the ductility and the overall member stiffness after cracking 
of the concrete is not very significant. 
1.2.3.4 Strengtheningfor PrecrackedRC Beams 
Sharif et al. (1994) experimentally investigated the repair of initially loaded rein- 
forced concrete beams with epoxy-bonded GFRP plates. The RC beams were initially 
loaded to 85 percent of the ultimate flexural capacity and developed midspan flexural 
cracks of which the length was 75 percent of their depth and the width was about 
1.5mm under loading and reduced to 0.7 mm after unloading. Various repairing and 
anchoring schemes were conducted and different failure modes and the corresponding 
load deflection curves were discussed. Theoretical analysis for predicting the flexural 
strength (ACI) and the plate separation load (Roberts, 1989) are compared with ex- 
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periment results. From the test on double overlap FRP/concrete specimens, the maxi- 
mum sustainable shear stress was to be 3.5 -4 N/mm2. The effects of the plate thick- 
ness on the separation load and that of the anchoring system on the ductility were 
studied. The results generally indicate that the flexural strength of the repaired beams 
is increased. The ductile behavior of the repaired beams is inversely proportional to 
the plate thickness. The use of an 1-jacket plate provided a proper anchorage system 
and improved the ductility of beams repaired with plates of large thickness. 
Hussain et al. (1995) presented some experimental data on the steel plate bonding re- 
pairing technique to the precracked RC beam. The effect of plate thickness and end 
anchorage on ductility, ultimate load and mode of failure was investigated. Test re- 
sults showed that repairing could increase the strength if the plate thickness did not 
exceed a certain limiting thickness, and, otherwise, the brittle premature failure would 
occur. End anchorages to the bonded plates could not prevent the premature failure of 
the beams but improved ductility and yielded a marginal improvement in ultimate 
strength. Aruini and Nanni (1997a) presented experimental and analytical results for 
precracked RC beams and subsequently strengthened with CFRP sheets. Several vari- 
ables were investigated, including: CFRP materials systems, concrete surface prepara- 
tions, RC cross section and the number and location of CFRP plies. Also the presence 
of applied load as well as external prestressing during the adhesion of the CFRP were 
investigated. Based on the analytical and experimental results, they found that the pre- 
existing cracks, the CFRP materials systems and post tensioning were not significant 
while the surface preparation, the carbon fibre stiffness, fibre direction and number of 
plies have important consequences on performance of strengthened beams. Buyukoz- 
turk and Hearing (1998) reviewed the typical failure mechanisms of the precracked 
RC beam retrofitted with FRP and current analytical techniques for each of the failure 
modes. 
1.2.3.5 Optimization 
Mukhopadhyaya et al. (1998) tested full-scale beams bonded by GFRP plate exter- 
nally to enhance the understanding of the flexural behavior of RC beams and then de- 
velop a clearer picture of the role and effectiveness of the GFRP plates in the struc- 
tural performance of the composite beams. A special design technique was adopted to 
improve the ultimate load capacity of the strengthened composite beam and enhances 
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its ductility. The techniques include preservation of the plate-adhesive-concrete inter- 
face bond and strengthening the compression concrete by confinement through the use 
of bonded plates onto the beam web. The thickness of the compression plate should 
limited to prevent the premature bond failure to occur. Spadea et al. (2000) proposed a 
new criterion, i. e. Performance Factor to evaluate the structural performance of RC 
beam strengthened by CFRP laminates as well as the efficiency of the external an- 
chorage system. This design criterion incorporates both the deformability and strength 
of composite beams. The effects of numerous parameters, which influence structural 
design, are included. External anchorage showed by the test results, play a significant 
role on optimizing the structure behavior, which is also reflected by the Performance 
Factor. The test carried out by Spadea et al. (1998) again showed that the provision of 
adequate external anchorages at the ends of the plates and at critical sections along the 
span can be essential prerequisites to obtain the maximum benefit from the CFRP 
plate and enhance the structural ductility of the plated composite beams. 
1.2.3.6 Shear Strengthening 
As an alternative approach to bonding steel plates at the soffit of a RC beam is to 
bond adhesively steel plates to the sides of reinforced concrete beams, according to 
the studies of Oehlers and Nguyen (2000a, 2000b). This bonding technique can en- 
hance the shear peeling resistance and can even increase the ductility of the beam. De- 
sign rule for preventing premature debonding of the ends of side plates is developed, 
during which the former paper concentrated on the debonding due to flexural peeling, 
and the later went for the shear peeling and the interaction between shear peeling and 
flexural peeling. 
Sharif et al. (1994) presented test results and their interpretation for shear-damaged 
RC beams with deficient shear strength, strengthened by externally bonded steel 
plates. The strength of all repaired beams was increased and the degraded stiffness of 
the beams was restored. Different arrangements of steel plates were used. Trantafillou 
(1998a) compiled some results related to the use of composites as shear strengthening 
materials for concrete, masonry and wood members. The classical truss analogy was 
adopted to predict the ultimate shear capacity of the RC beam strengthened by com- 
posite laminates or fabrics in shear. A wide range of experimental results on shear 
strengthening of RC beams with FRP laminates or fabrics were evaluated. Triantafil- 
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lou (1998b) presented a review of the literatures up to early 1997 for the shear 
strengthening of the RC beam. It was reported in that study that the effectiveness of 
the external FRP shear reinforcement and its contribution to the shear capacity of RC 
members depends on the mode of failure, which may occur either by peeling off 
through the concrete near the concrete-FRP interface, or by FRP tensile fracture at a 
stress that may be lower than the FRP tensile strength (e. g., because of stress concen- 
trations at debonded areas or at rounded comers). Whether peeling off or fracture will 
occur first depends on the bond conditions, available anchorage length, types of at- 
tachment at the FRP curtailment, FRP thickness, FRP elastic modulus, concrete 
strength and other factors. It also was stated that, in many cases, the actual mechanism 
is a combination of peeling off at certain areas and fracture at others. Based on mostly 
qualitative arguments, Triantafillou (1998) derived a polynomial function that relates 
the strain in the FRP at shear failure of the member, defined as effective strain to the 
axial rigidity of externally bonded strips or sheets. Swamy et al (1999) carried out 
strengthening towards RC beam by bonding steel and GFRP on the tension face and 
web of RC beams weak in shear. Test results indicated that external plate bonding 
could transform the shear failure into flexural failure of RC beams with no, or inade- 
quate, internal shear reinforcement. Also some factors determine the effectiveness of 
this bonding technique was identified. Tantafillou and Antonopoulos (2000) described 
an improved, yet simple, modeling approach for the contribution of externally bonded 
FRP shear reinforcement to the shear capacity of RC flexural members. It was then 
presented in three design formats: Eurocode, ACI and JCI. 
1.2.4 Summary of the Literature Review 
External Plate Bonding (EPB) technique applied to RC beams has become popular 
over the last few years. It is a strengthening procedure by bonding the steel or FRP 
plates to the soffit of the RC beams. Variations from this basic procedure include ad- 
ditional end anchorage and prestressing of the plates. In this section, some topics such 
as the stress transfer between the bonded plate and RC beam, and strength models for 
various failure modes are extensively reviewed. It also highlights some prerequisite 
work, which needs to be improved. 
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(a) Shear failure by a flexural shear crack in 
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Fig. 1.2 Examples of the shear failure in the plated RC beams 
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Fig. 1.3 Stresses acting on a concrete element aqjacent to the plate end (Teng et al. 
2001) 
(a) Cracked beam 
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bolted for anchorage (Sharif et al 1994) 
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(b) Concrete tooth between two 
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Fig. 1.4 Concrete tooth model (Teng et al. 2001) 
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Fig. 1.5 Diagram of the maximum pennitted increase in tensile stress between two 
subsequent cracks (Niedermeier 2000) 
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Introduction and Literature Review 
1.3 Research Objective 
Chapter I 
The main objectives of this research are to carry out a systematic study on the stress 
behavior of plated RC beams and its application in predicting the serviceability and 
ultimate debonding loads. The stress solutions, mainly for those along the interfaces, 
are sought in both linear and nonlinear context. The aim of the linear stress analysis is 
to develop a simplified solution of the interfacial stresses with adequate accuracy. To 
this end, a series of logically ordered linear solutions are derived, which include linear 
finite element analysis (LEFEA), complete numerical solution, closed-form rigorous 
solution and simplified solution. Allowing for the nonlinearity, a nonlinear finite ele- 
ment analysis (NLFEA) and a nonlinear fracture mechanics analysis (NLFM) are per- 
formed respectively. These solutions, in conjunction with some failure criteria, are 
exploited to predict both the serviceability and ultimate loads and the results are com- 
pared with those obtained from the experiments. Some recommendations are offered 
with regards to the application of the EPB technique to RC beams on the basis of the 
research findings. 
1.4 Scope of the Thesis 
Figure 1.6 shows the schematic representation of the main structure of the thesis. We 
can see that three modules compose the main body of this thesis, that is, the linear 
stress analyses, the nonlinear stress analyses and the applications and parametric stud- 
ies. 
As a first step of the linear analysis, the LEFEA simulation is carried out using the 
commercial general purpose FEA package ABAQUS in Chapter 2. To cater for the 
aforementioned singularity feature of the problem, a linear fracture method (LEFM) 
analysis is performed, in which a sub-modelling technique is used to avoid the cum- 
bersome meshing procedure and improve the calculation accuracy. A special singular 
element is selected in the modelling process. The stress results show that an improved 
accuracy has been achieved compared with the conventional LEFEA analysis. In ad- 
dition, the J integral is also calculated, which potentially can act as a criteria for the 
onset of the first plate end crack. This solution may be deemed as the benchmark of 
the following derived analytical solutions. 
60 
Introduction and Literature Review Chapter I 
Chapter 3 presents a linear elastic complete solution. Unlike some other analytical so- 
lutions, no major assumptions are introduced prior to the solution derivation and 
hence the stress fields in the adhesive are achieved using a complete and accurate ap- 
proach. The principle of complementary energy is adopted to derive the stress solu- 
tions, which are expressed in Fourier series. A limited number of the terms are taken 
and the algebraic equation system has to be solved by numerical programming. A 
wide range of load cases is included in the solutions such as symmetrical loadings, an- 
tisymmetrical loadings and other arbitrary loadings. To the best of the author's 
knowledge, this is the first analytical solutions which have correctly predicted the 
drastic difference in the interfacial normal stress between the plate-adhesive (PA) and 
adhesive-concrete (AC) interfaces and achieved a rather good agreement with the 
FEA results obtained by very fine meshes. Another significant feature of this solution 
is that it is versatile and may be easily adopted to other composite materials/structures 
under thermal/mechanical load. 
Chapter 4 presents a closed-fann rigorous elastic solutions using a two-stage method. 
This is a spreadsheet-based solution and the numerical results can be obtained without 
cumbersome coding. In the first stage of the derivation, the shear stress is derived 
with high degree of accuracy and in the second stage the normal stress at the middle 
horizontal section across the adhesive layer is obtained by utilizing the shear stress 
from stage one as the known variable. The assumption that the shear stress is constant 
across the adhesive thickness is used and this leads to the implication that the normal 
stress is varied linearly. However, the comparison with the complete solution suggests 
that this assumption does not incur great loss of accuracy. This solution forms the ba- 
sis to develop a simplified solution in the following chapter. 
As mentioned in the preceding section, one of the main targets of the present work is 
to develop a simple and reliable stress solution, which can be potentially used in the 
engineering practice and be exploited to develop some robust strength models. In 
Chapter 5, the closed-forin rigorous elastic solutions derived in Chapter 4 is further 
investigated. One of the important findings is that the bending moment value at the 
plate end section is the dominant factor determining the stress concentration, and 
whereas the shear force only contributes to the interfacial shear stress in the classic 
way and it does not induce any interfacial normal stresses. On the basis of this find- 
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ing, some numerically minor terms are omitted in the original solutions with the only 
presence of the end moments. The simplified versions of both shear and normal 
stresses are then derived. The shear stress consists of two parts, i. e. the simplified 
shear stress solution for the plated beam under end moment and the classic shear 
stress solution for laminated beam. Also proposed is the equation of development 
length. By the adoption of the concept of development length, we may extend the so- 
lution to a plated RC beam from subjected to symmetric loads to arbitrary loads. This 
substantially broadens the applicability of this simplified solution. 
None of the previous solutions allows for the nonlinear material property for the con- 
crete, the nonlinear behaviour of the interface and the impact due to the presence of 
reinforcements. A complicated nonlinear FEA modelling is performed in Chapter 6 
using the ABAQUS package again. In this modelling, the full features of the concrete 
material are taken into account and the reinforcements and shear links are modelled 
separately. Tested beams including the virgin (unplated) and plated beam are mod- 
elled. And the results show good agreement with the experimental data in terms of 
cracking loads, yielding loads, ultimate loads and deflections. Extensive results are 
presented to show the structural behaviour of the plate beam in detail, which is be- 
lieved to be the first one in the published literature. 
As the last analytical stress solution, a Nonlinear Fracture Mechanics (NLFM) solu- 
tions is developed in Chapter 7. The interfacial behaviours are sophisticatedly consid- 
ered which include both pre-cracking and post-cracking features. The interaction be- 
tween Mode I fracture and Mode II fracture are considered in the solution. The 
interaction reflects in the determination of the peak shear and transverse normal stress 
and the corresponding post-cracking behaviours. This solution may predict both ser- 
viceability load, which is defined as the load level at the onset of the first plate end 
crack, and the ultimate load, which is defined as the load level when the cracking sur- 
faces start to separate. To the best of the author's knowledge, this is the first solution 
considering both the post-cracking behaviour and the interactions between two frac- 
ture modes. 
Each solution is coherent and relatively independent. In principle, the mor6 completed 
and rigorous solutions may be used to verify the relative simpler ones; and the nonlin- 
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ear analyses can become the linear ones when the applied load is low and material 
behaviour is in the elastic region. 
In the second to last chapter, the solutions are further compared with the experimental 
data and the serviceability and ultimate loads are predicted based on some of the solu- 
tions in conjunction with two failure criteria of the concrete materials. A series of ex- 
tensive parametric analysis are carried out to show the effect of various variables on 
the stress distributions. 
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CHAPTER 2. 
FINITE ELEMENT ANALYSIS USING THE 
FRACTURE MECHANICS METHOD 
Finite element analysis (FEA), as a versatile numerical tool, can be used to model 
structural behaviour and to provide a valuable supplement to the laboratory investiga- 
tions, particularly in parametric studies and design optimisation. It simulates structural 
behaviour of a continuous structure by dividing it into a number of simple elements, 
each of which has well-defined mechanical and physical properties. The extent of 
some special features, such as the nonlinearity and singularity, incorporated in the 
process of simulation may determine the accuracy and also the cost of the simulation. 
Appropriate planning of the modelling process, such as considering or omitting some 
of these specific features of the modelled problem, should be made to achieve optimal 
balance between the accuracy and cost. 
This chapter will perform a linear finite element modelling of the strengthened RC 
beams. There are two objectives: (1) to thoroughly investigate the structural behav- 
iour and stress distribution of the strengthened beam, particularly the interfacial 
stresses; and (2) to set up a benchmark example for the following analyses. The de- 
tailed modelling process using linear fracture mechanics method (LEFM) will be in- 
troduced and the obtained results will be discussed. 
2.1 Introduction 
There are many cases where stress singularity occurs, i. e., one or some of the stress 
components approach infinity within a material in the context of elastic theory. It oc- 
curs when crack tips, interfacial cracks; free edges, comers and wedges of single ma- 
terial or multiple materials are present. Each case may have different degrees of sin- 
gularity. For instance, the stress is inversely proportional to the square root of the 
distance from a crack tip, while in the vicinity of an interfacial crack, the stresses os- 
cillate when they approach infinity. Hein and Erdogan (1971) investigated two mate- 
rial wedges with an arbitrary angle. The stress singularity was studied and, quantita- 
tively defined by the strength of singularityA that shows the rate of stress increase 
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towards the singular point. The relationship between the magnitude of a stress com- 
ponent a, and the strength of singularity can be express as 
a, = -It (2.1) 
where r is the distance from the singular point. ct is a term including the stress inten- 
sity factor, or/and the oscillation term, depending on the nature of problem. For ex- 
ample: 
1. for Mode I and 11 crack tips in a homogeneous material: 
an= _ýýl r-1/2 ; a, = 
KI, 
r -V2 V-2; r V-2ir 
(2.2a, b) 
where, q,, and o-, are the transverse normal and shear stress along the crack 
line, K, and Ku are the stress intensity factors for the mode I and mode II 
cracks. They can be found from fracture mechanics hand-books e. g. Murakami 
(1987); 
2. for a singular point at a bi-material free edge, 
(T. = Hr-l (2.3) 
where, a,, is the transverse normal stress along the interface. A can be calcu- 
lated from the relative material properties through a characteristic equation and 
H is called H factor and denotes singularity strength, that is normally calcu- 
lated by numerical method (Bogy, 1968); 
3. for the case of interfacial cracks, it is difficult to decouple Mode I and Mode II 
cracks. The transverse normal stress o-,, and shear stress a, along the inter- 
face can then be expressed by a complex form as 
+ 
(KI + iK,, ) r -V2+ie (2.4) V-2ir 
where r' is the oscillation terin near the crack tip (Willams 1959); 
4. for the general dissimilar wedges, the situation is more complex. Under differ- 
ent circumstances, we may have the following cases: (a) there is no singular- 
ity, (b) there are multiple singularity strength values, and(c) oscillation phe- 
nomena may or may not exist. (Ilein and Erdogan 197 1). 
The bonded beam problem includes two types of singular points if the internal con- 
crete cracks are not included. As depicted in Figure 2.5(b), they are, respectively, the 
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end of the interface between the concrete and adhesive (point A; type 4) and between 
the adhesive layer and bonded plate (point B; type 2). Obviously, in the vicinity of 
these singular points, the strength of singularity depends on the properties of sur- 
rounding materials, and the geometrical configuration. The finite element analysis is 
performed in the following sections using the general purpose FEA package 
ABAQUS. 
Apparently, very fine mesh is needed in the local areas near the singular points. Away 
from these points, coarse mesh can be used in order to save the computing time. In 
general, using triangular elements and/or adjacent elements with significant size dif- 
ference may lose accuracy of analysis, while using advanced elements with smooth 
change of size will increase computing cost significantly. To overcome this difficulty, 
sub-modelling is used in this analysis. 
Sub-modelling is a technique that is utilized for localized stress with refined meshes, 
based on interpolation of the solutions from an initial, global model onto the nodes on 
the appropriate parts of the boundary of the sub-model. The method is most useful 
when it is necessary to obtain an accurate, detailed solution in the local region and the 
detailed modelling of that local region has negligible effect on the overall solution. 
The response at the boundary of the local region is defined by the solution for the 
global model and it, together with any loads applied to the local region, determines 
the solution in the sub-model. 
Two steps are carried out using the sub-modelling technique: 
1. A global analysis with coarse mesh pattern are performed first and the dis- 
placement at each nodes are saved in a result file; 
2. The local areas containing singular points are separated and divided into -very 
fine meshes. The displacement fields calculated in the first step are interpo- 
lated and imposed to the boundary nodes of the sub-model. 
Linear elastic fracture mechanics analysis (LEFM) is conducted to calculate the stress 
distribution and predict the onset of cracking by using contour integrals. As one of 
significant measures, the J-integral is also calculated by ABAQUS in the sub-model. 
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The J-integral is to characterize the energy release associated with crack growth. It is 
equal to the energy release rate for elastic material (Rice, 1968) and defined as 
n. (W - cr. 
Su 
8x 
(2.5) 
where 17 is any closed contour followed counter clockwise surrounding the crack tip 
in a stressed body as shown in Figure 2.1; n is the outward normal of IF and q is a 
unit vector in direction of the virtual crack extension; W denotes strain energy den- 
sity. The J integral is suitable for both linear and nonlinear elastic materials, as well as 
for monotonic loading of elastic-plastic materials. 
X2 
r 
Fig. 2.1 Schematic diagram of J-integral 
In ABAQUS, the contour is defined by a ring of elements completely surrounding the 
singular points from one traction free face to the opposite one and the contour integral 
is evaluated as an area integral over a finite domain bounded by the contour 
(ABAQUS, 2000). 
2.2 Modelling Process 
2.2.1 Problem Description 
In order to compare the results with those in the published literature, the examples in 
Teng et al. (2002) are adopted in this modelling. It is a steel plated bonded reinforced 
concrete (RC) beam first investigated by Roberts and Haji-Kazemi (1989). The span 
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of the RC beam is 2400mm, the length of the plate is 1800mm and the UDL is 
15N/mm. The geometric and material properties of the RC beam, the adhesive layer 
and the plate are given in Table 1. 
Table 2.1 Geometric and material properties 
Component Width(mm) Height(mm) Length Young's Poisson's 
(mm) modulus(MPa) ratio 
Concrete 100 150 2400 20,000 0.17 
Adhesive 100 4 1800 2,000 0.25 
Steel plate 100 4 1800 200,000 0.30 
The problem is modelled as a 2-D plane stress one in the following section. The di- 
mension in the width direction is input as the properties of the element. 
2.2.2 Element Type 
A 8-node biquadratic isoparametric plane stress element CPS8 (Figure 2.2 a) is used 
to model the concrete, adhesive layer and bonded sheet, respectively. Each node has 
two active degrees of freedom, i. e. u., and uy. Full integration scheme are numerically 
implemented, and the integration points are shown in Figure 2.2 b. 
face 3 
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X7 X8 X9 
face 2X4X5X6 
x1X2X3 
25 
8- node element 
(b) the integrating points 
Fig. 2.2 CPS8 element (ABAQUS 2000) 
2 
In order to simulate the stress/strain singularity at interface ends, one of the conven- 
tional methods is to use a special refined mesh pattern. However, the singularity of the 
stress/strain components near the singular point significantly affects the accuracy of 
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the numerical results even when very fine meshes are used. In this analysis, elements 
with special nodes layout are used to accommodate the stress/strain singularity by 
collapsing one side of the standard element CPS8. This results in a new element with 
all three nodes along the collapsed side having the same geometric location at the 
singular point. In addition to this, the midside nodes on the two sides connected to the 
singular point are relocated to the 1/4 point near the singular point. The SINGULAR 
parameter on the NFILL option can be used to create "quarter point" spacing. Using 
these type of elements can favourably improve the accuracy of the J-integral and 
stress/strain calculations. 
h 
a 41 00 
b 
C 
- 
a, 
Fig. 2.3 Collapsed 8-node plane stress element 
The SOLID SECTION option is used to define the properties of the section such as 
geometrical dimension in the thickness direction and material properties. 
2.2.3 Material Properties 
Elastic isotropic material properties are assigned to concrete, adhesive materials and 
steel material. The Elastic option is used to input the values for the elastic modulus 
and Poisson's ratio. 
2.2.4 Modelling 
A global modelling is firstly performed to attain the displacements and stress/strain 
distributions in the bonded beam without focusing on the singular points, i. e. without 
using fine mesh near the singular points. By taking advantage of the symmetry of the 
structure, half of the bonded beam is used in the modelling. This reduced computa- 
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tional time and computer disk space requirements significantly. The half span is 
shown in Figure 2.4. 
I 
Fig. 2.4 Half span of the beam 
As an essential step, a finite element analysis requires discretizing the geometrical 
model into a number of small elements and this process is called as meshing of model. 
The freedoms at each node are sought by solving the system equations obtained with 
some global-featured method, such as energy method. The loading, stress, strain are 
calculated at integration points of these small elements. Oencrally there are two 
methods of meshing the model, i. e. build the geometrical body and then mesh it in a 
specified pattern, or create the elements directly. The latter is used in this study. Input 
file is compiled to build up the analysis model where nodes and elements are input di- 
rectly. The option SOLID SECTION with its data lines provides the input of the 
thickness of the elements, which is 100mm herein. The overall mesh is rather coarse 
except those at the two singular points, where the refined mesh has been established. 
By doing so, the displacement at the boundary, which will build the sub-modcl can be 
rather accurately predicted. Figure 2.5 (a) shows the mesh pattern in the overall view 
and Figure 2.5 (b) shows the enlarged detailed view at the singular points. 
Ideally, the bond stress and displacement between the concrete and adhesive layer 
(AC interface) and adhesive layer and bonded sheet (PA interface) should be consid- 
ered individually. However, in this analysis, perfect bond between materials is as- 
sumed, i. e., it is assumed that the elements share the same nodes at the same geomet- 
ric location. 
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In the vicinity of point A and point B, two sub-models are established in the prede- 
fined domains, where the ftirther fine meshing takes place and the collapsed elements 
are used. Figures 2.5 (c) and (d) display the detailed meshes for the sub-models. 
2.2.5 Applied Loads and Boundary Conditions 
2.2.5.1 Global Model 
The UDL is applied to the sides of elements on the top surface of the beam as distrib- 
uted pressure of 0.15N/mm 2. The boundary conditions include simply supported end 
condition and symmetry about the central line. The simply supported boundary condi- 
tion can be implemented in the simulation by restraining the degree of freedoms in the 
y-direction at the lowest left comer node and the symmetric one is easily input by add- 
ing the 'symmetrical' parameter to the nodes on the central line in the BOUNDARY 
option. 
2.2.5.2 Sub-models 
The displacements of the nodes along the boundary of the sub-models are derived 
from the displacement fields calculated in the global model. To use the global results 
in the sub-model analysis, a necessary step in the global analysis is to save all nodal 
displacements required for the interpolation of the driven displacements to the bound- 
ary of the sub-model. NODE FILE option is used to write the results to a results file. 
For convenience, displacements of all the nodes in the global model are saved in this 
study. The actual driven displacements are defined in the input file of the sub-model 
by the BOUNDARY option with the SUBMODEL parameters. No applied loads are 
applied in the sub-model area. 
2.2.6 Solving Process 
Linear analysis procedure is carried out to analyse the displacement field and 
stress/strain field with the STATIC option in the input file. A small-strain assumption 
is used in this analysis. 
When the global analysis is performed, three mesh patterns are adopted to investigate 
its impact to the results of the sub-models. Table 2.2 shows the dimensions for the 
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mesh refined area and the number of elements at all edges in this area. The dimension 
11, and 12 and the numbers of division ni (i = L. 5) are shown in Figure 2.6. 
Figure 2.7 shows the number of element along all edges in two sub-models. The black 
dots represent singular points and the thicker lines denote driven boundary. The 
boundary is 2mm away from the singular point in sub-model A. In sub-model B, the 
upper and lower boundaries are 2mm and the right-hand boundary are 2mm + 4mm. 
, _-_5 
(b) Detailed View 
Fig. 2.5 Mesh profiles in the global model and sub-model 
(c) Sub-model A 
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The size of the elements in both global model and sub-model increases progressively 
as they are away from the singular locations by a ratio of 1.25 using the parameter of 
'BIAS' and 'TWO STEP' in creating the nodes. 
Table 2.2 Dimensions of the division lines and the number of elements along each 
line in the global modelling 
11 (mm) 12 (mm) ni n2 n3 n4 n5 
Mesh 18 80 6 6 2 4 20 
Mesh 11 5 40 6 6 4 4 20 
Mesh 111 2 10 6 8 8 8 20 
C. L. 
11 
(a) the dimensions of the division lines 
n4 
n3 
(b) the number of elements along each line 
Fig. 2.6 The denotation of the symbols used in Table 2.2 for the global modelling 
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(a) sub-model at point A (b) sub-model at point B 
Fig. 2.7 The number of elements for the sub-modellings 
2.2.7 Analysis Results 
2.2.7.1 Convergence Analysis 
Figure 2.8 (a)-(f) show the variation of the interfacial non-nal and shear stresses at the 
AC interface, MA section, and PA interface, respectively, using the mesh pattern pre- 
sented in the preceding section. Apart from the interfacial shear stress in the PA inter- 
face, the stresses are generally converged very well. We only see discrepancy in the 
elements at the singular points. This is expected as the stress level should approach in- 
finity in theory in these elements. The stress components in the middle section of the 
adhesive layer (MA section) show best convergence. The shear stress therein equals 
zero at the plate end, which satisfies the traction free boundary conditions. The corre- 
sponding normal stress increases monotonically when approaching the plate end, and 
then starts to reduce its magnitude at about 2mm from the plate end. We can see from 
the figure that the interfacial shear stresses show oscillation in the global modelling 
region using Meshes I and 11. The adoption of Mesh III almost eliminates the oscilla- 
tion. Hence in the following study, Mesh III is used unless otherwise stated. 
2.2.7.2 Resull Comparison and Analysis 
Figures 2.9 shows two comparisons of the interfacial stresses between the present 
analysis and Teng et a]. 's (2002) elastic analysis. They meshed the model with a 
smallest size of 0.1 mm. Figure 2.9 reveals that in general, both results agree with each 
other only except those in the vicinity of the singular points. The present analysis 
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achieves much higher peak values at the singular points. This implies a fact that the 
elastic analysis unlikely offers convergent solutions, even if the finest meshes are 
used. Apart from the singular points, both methods lead to almost identical solutions. 
The present result also shows that the magnitude of interfacial shear stress in the PA 
interface will also increase drastically at the plate end. This observation suggests the 
conclusion that the PA interfacial shear stress converges to a fixed value drawn by 
Teng et al. (2002) doesn't have general meaning. 
The comparisons of the results are also made between the global modelling and sub- 
modelling in Figure 2.9. The submodelling presents much higher stress levels for both 
stress components near the ends, which are about twice of their global counterparts. In 
the regions away from singular points, both results are almost identical, which sug- 
gests the driven boundary is adequate to apply the displacement from the global 
model analysis to the sub-model one. 
Figure 2.10 shows the displacement contour plot in the adhesive from the global 
model analysis and sub model analyses. It shows that the distribution of displacement 
fields from the two modellings are essentially the same. This can be explained by the 
fact that the displacements do not have singularity. 
Figure 2.11 shows the stress contour plots (shear stress and transverse normal stress) 
for the sub-model I and sub-model 2, in which two innermost rings of elements are 
excluded as the extremely large magnitude will affect the display of the stress distri- 
bution in the whole domains. Figure 2.11 (a) shows the shear stress contour plot at 
point A. It presents a clear pattern that two sets of similar contour line loop bunches 
surround the singular point A. It becomes denser and denser when they approach the 
singular point, which show a large stress gradient over the region. Figure 2.11 (b) is 
the normal stress contour plot at point A, which shows a single set of contour loop 
bunch which tends to converge to Point A. The principal stress contour is depicted as 
the initiation of cracks usually occur in the concrete material near the singular point 
and the principal stress provide an important measure to the occurrence of the first 
crack. As we expect, the maximum principal stress occurs in concrete immediately 
above the singularity point in a diagonal direction. This agrees with the observation 
that concrete crack initiates at the end of the bonding line and extends upwards with 
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an angle. From Figure 2.12 (a), the shear stress contour plot for sub-model B, we can 
see that there exists a low shear stress area near the singular point. In the adhesive 
layer, shear stresses are mainly positive in contrast to steel plate where the shear 
stresses are mainly negative. The contour plot of the normal stress in sub-model B is 
depicted in Figure 2.12 (b), in which we can see the contour lines scatter out of Point 
B and they are bent near the singular point as if they were dragged by a force over 
there. 
The J integral estimation, as introduced in the preceding section, is a very important 
measure to investigate the initiation of the cracks. Table 2.3 lists the J integral estima- 
tions at point A and point B from the global modelling and the sub-modelling, respec- 
tively. The first row in the table lists the number of the element ring within the J inte- 
gral contour lines. In the sub-models, four contour lines are used to estimate the J 
integrals and investigate the convergence. The second row is the x-coordinates of the 
intersection points between the J integral contour lines and the AC interface. We can 
easily see from Table 2.3 that the estimations are very close by using the different 
contour lines. It also proves that the J integral is route independent. The last column in 
the table is the average values from the four estimations. The estimations from global 
modelling and sub-modelling are very close at both point A and point B, which im- 
plies that the J integral estimation is less affected by the stress/strain at the singular 
points predicted by the FEA analysis, which as we discussed early, are not very reli- 
able. 
Table 2.3 The J integral estimation in the global model and sub-model analyses 
Global Model Sub-Model 
Number of element ring 6 17 18 19 20 Average 
x-coordinate in the interfaces 2.0 1.445 1.62 1.805 2.0 
J-integeral Point A 9.38E-02 9.18E-02 9.30E-02 9.39E-02 9.45E-02 9.33E-02 
estimates Point B 1.55E-02 1.54E-02 1.54E-02 1.55E-02 1.56E-02 1.55E-02 
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2.3 Conclusion 
A finite element analysis (FEA) in the framework of the linear elastic fracture me- 
chanics (LEFM) is performed in this chapter. Compared with conventional linear elas- 
tic element analysis, the present one is featured in the following aspect: 
I Use some advanced techniques to tackle the singular stress problem, e. g. sub- 
modelling technique and singular element type; 
2 Attain the fracture mechanics fracture parameter J-integral, which potentially can 
be used to investigate the first crack occurrence instead of the strength criteria; 
3 Avoid the cumbersome meshing over the whole domain and save the computing 
cost; 
4 Provide much higher peak stresses, which suggests a rather accurate trend for the 
stress distribution around the peak stress. 
The current solutions, however, also show some inherent disadvantages, including ex- 
clusion of nonlinear material properties of the concrete, contribution of the reinforce- 
ment and their interaction between two material phase, and not suitable for simulating 
the post-cracking behaviour. To solve this problem, a thorough nonlinear FEA needs 
to be carried out and is introduced in Chapter 6. 
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(a) Global Model 
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(c) Sub-Model B 
Fig. 2.10 Displacement contour plots of the adhesive in the global and sub-models 
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(a) Shear stress (2 rings of innermost elements excluded) 
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(b) Transverse normal stress (2 rings of innermost elements excluded) 
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Chapter 2 
(c) Maximum principle stress (2 rings of innermost elements excluded) 
Fig. 2.11 The stress contour plots at point A 
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(a) Shear stress 
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(b) Transverse normal stress 
Fig. 2.12 The stress contour plots at point B 
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CHAPTER 3. 
COMPLETE SOLUTION USING THE PRINCIPLE OF 
MINIMUM COMPLEMENTARY ENERGY 
3.1 Introduction 
3.1.1 Fundamental Theory of Elasticity 
The theory of elasticity comprises a consistent set of equations, which uniquely de- 
scribe the state of stress, strain and displacement at each point within an elastic de- 
formable body. The theory of elasticity contains equilibrium equations relating the 
stresses; kinematic equations relating the strains and displacements; constitutive equa- 
tions relating the stresses and strains; boundary conditions relating to the physical 
domain and uniqueness constraints relating to the applicability of the solution (Gould 
1994). 
3.1.1.1 Equilibrium Equations 
Nine stress components are defined to describe the state of internal force at a point of the 
body, i. e. (T. p ry., rzx I r., y . ay , r.. y , r.. , ry,, cý , and they should satisfy the equations of 
equilibrium, i. e. 
acrx + al-yx + arzr + (3.1a) & ay az 
ar., 
y + 
ýC-y 
+ 
arýy 
+ (3.1 b) & 0-Y az 
er. er 
x2 Y, 
aor 
ax ay az 
Tyz = TZY , Tzx = 'rz , rxy = Tyx (3.1 d-O 
where T, F and Z are components of the body forces per unit volume. By adopting Equa- 
tions (3.1 d-f), only six stress components are independent, and they have the following rela- 
tionships 
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aux 
+ qýr-xy + 
arzx 
+x =0 (3.2a) a ey az 
+ 
ýLy 
+ 11 
"Y-- 
+ (3.2b) 
0-Y az 
ar= + 
or 3- +aa. +Z=O (3.2c) & 0-Y az 
3.1.1.2 Kinematic Equations 
Corresponding to the six independent stress components, the state of strain at a point is de- 
fined by six components of strain, i. e. e.., ey, e, vy,, y., r.,, Y and their relationship with 
the displacement are given as follows 
au av ew 
=- , cy 
=-, cz =-p 
a 
0'%Y az 
ew av au aw cýV au 
, vyz 
=-+-, y= =-+-, vxy =- +- 
ey az az ex o-x ey 
(3.3a-0 
where u, v, w are the displacement components of a point of the body in the x-, y- and z- di- 
rections, respectively. 
3.1.1.3 Constitutive Relations 
The stress-strain relations are given in linear, homogeneous form as: 
ax a,, a12 a, 3 a14 a,, a16 ex 
cry a2, a22 a23 a24 a2, a26 EY 
az a3, a32 a33 a34 a35 a36 ez (3.4) 
rivz a4l a42 a43 a44 a4, a46 YýT 
r- a5, a52 a. 3 a54 a, 5 a56 Yzx 
Lrxy J La6l a62 a63 a64 a6, a66 J Lyxy J 
The coefficients of these equations are called elastic constants. Among them, there exist rela- 
tions of the form: 
apq= aqp (p, q=1,2,..., 6) (3.5) 
Equation 3.4 may be inverted to yield: 
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ex -bl, b12 b13 b14 b1s b16- ax 
CY b2l b22 
b23 b24 b25 b26 ay 
cz b3l b32 b33 b34 b35 b36 ax 
= (3.6) ryl b4l b42 b43 b44 b45 b46 
Y= bs, b52 b53 b54 b5s b56 
LY-Y J Lb6i 
b62 b63 b64 b65 b66 J Lrxy J 
where 
bpq= bqp (p, q=1,2,..., 6) (3.7) 
For an isotropic material, the number of the independent elastic constants reduced to 2, and 
the stress-strain relations are given by 
a,, = 2G[e,, +v 
(c., + cy + c.. Gy.,,, I 2v 
v 
ay = 2G cy + j-- sq. + --y + cj], r,., = Gy,, 2, 
( 
1- 2v 
v 
cz =2G C. + +6 +6, rxy = Gyý, y 
(3.8a-f) 
.- 
(--. 
y 
I 
1-2v 
or, inversely, 
[a,, 
-v 
(a, + a., 
)], YA =9 E 
[0- 
v(o-.. +aA, r. -cy E 
I [a, 
- v(a. + aA, Y"y = 
rxy 
EG 
(3.9a-D 
where E, G and v are Young's modulus, shear modulus and Poisson's ratio respectively, and 
they hold the relationship as 
(3.10) 
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3.1.1.4 Boundary Conditions 
The surface of the bodies can be divided into two parts from the viewpoint of the boundary 
conditions: part S, over which boundary conditions are prescribed in terms of external forces 
and part S2 over which boundary conditions are prescribed in terms of displacements. Obvi- 
ously S=S, +S2. Denoting the components of the prescribed external forces per unit area of 
the boundary surface by X., , 
F, and Z, , the mechanical boundary conditions are given by 
x%, = x Y., = Y', Zý, = zý, on S, 
where 
X, = cXI + rxym + rXn 
Y =r I+a m+r n v XY y YZ 
Z, = rzxl + r. m + cr., n 
(3.12a-c) 
1, m, n are the direction cosines of the unit normal v drawn outwards on the boundary, i. e. 
I= cos(x, v), m= cos(y, v) and n= cos(z, v). On the other hand, denoting the components 
of the prescribed displacement by W, V and T, the geometrical conditions are given by 
U=U V=V, W=W on S2 
3.1.1.5 Two-dimensional Elasticity 
(3.13) 
An 3-D elasticity problem may be reduced to a 2-D one if there is no traction on one 
plane passing through the body, which typically includes the cases of plane stress and 
plane strain. To confine the study into the realm of isotropic elasticity, we have the 
following, which may be easily extended to more complex material laws. 
For plane stress with the z-axis stress-free, we have 
Txz = Tyx = crz = (3.14) 
Also, it is assumed that the remaining stresses do not vary with z, but are only func- 
tion of x and y. This reduces the equilibrium equations to 
aax + 
ar xy + (3.15a) & 0-Y 
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+ 
'y 
+o (3.15b) 
0-Y 
Only three kinematic equations are involved in the case of plane stress 
au O'IV O'v au 
ex =, cy =, Yxy =- (3.16a-b) 
0a ey 0 -x -y 
and the constitutive equation become 
ex [0-- - vay 
1, 
--y 
[ay 
- vax 
1, 
ez (a., +a 
X-Y 
(3.17a-d) A Y-Y =s EEEG 
In terms of the plane strain, we only need to substitute the constant in Equation 3.17, 
i. e. 
Eby 'E ; and v by 
v 
i V, 1-v 
(3.18a-b) 
3.1.2 Principle of Virtual Work and Principle of Minimum Potential Energy 
(Washizu, 1974) 
Consider the body in equilibrium under prescribed body force and boundary condi- 
tion, the equilibrium Equations 3.2a-c hold in the volume and the mechanical bound- 
ary conditions 3.12 and 3.13 are valid on SI. The body is assumed to experience an 
arbitrary set of infinitesimal virtual displacement 64,8v and i5w from the equilibrat- 
ing configuration, we have 
f 9,7- +, 
DT-y. 
+ 
ý-7- 
+1 äu +(.. )öv +(.. )öw V+f YX, ' -x 
ýu +(.. )öv+( .. >PS =0 f 
v(ý 
ey Dz 
si (3.19) 
where dV = dx dy dz and dS are the elementary volume and the elementary area of the 
surface of the body, respectively. The arbitrary sets of virtual displacement are so 
chosen that the geometrical boundary conditions on S2 be not violated, namely, they 
satisfy 
i5u=O , &=O,, 6w=O onS2 (3.20a-c) 
Using the integration by parts together with the kinematic relationship, Equation 3.19 
becomes 
ff (a., 8e,, +ay8ey +az8ex +r.,, 8ry, +r=8r= +ry8r, ýV 
v 
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- Jff(. Y&+y7&+fAvpv- ff(. V, &+F,. 5v+z, &Ps=o (3.21) 
v sl 
Equation 3.21 is the principle of virtual work, which holds valid for arbitrary infini- 
tesimal virtual displacement satisfying the prescribed geometrical boundary condi- 
tions. 
If we construct state functions which satisfy the following conditions 
t5A =+ cr., Je. ' + uý 
ge., + r, gy, + T. gy. + T"y gy, 
- 90 = Tau + f, 6v + Z& 
- &F = l'au + Y", 5v + Z, & (3.22a-c) 
For instance, in the case of isotropic material, we let 
N21 
A= Ev - 
au O'v + 
ew 
+G 
au 
+ CIV + ow 2(1+vXI-2v)(-&+e c-z) 
[(a) (0-Y) (, 
DZ)l 
G [(av 
+ 
eW 2+ clu 
2 DU av )2 
+F-+++ 
Z 2Z ey O-z 
- (D = lu + fv + Zw 
-Y= illu + j7, v + Zw (3.23a-c) 
The principle of virtual work (Equation 3.21) can be transformed into 
M=O (3.24) 
where 
n=f f ýA(u, v, w) + (D(u, v, w)PV +f fT(u, v, w)dS (3.25) 
V S1 
being the total potential energy. 
Equation 3.24 is the principle of minimum potential energy, which states that among 
all the admissible displacement functions, the actual displacement make the total po- 
tential energy an absolute minimum. 
91 
Complete Solution Chapter 3 
3.1.3 Principle of Complementary Virtual Work and Principle of Minimum 
Complementary Energy (Washizu, 1974) 
As the complementary to the principle of virtual work, we consider the body in equi- 
librium under the prescribed body forces and boundary conditions to take an arbitrary 
set of infinitesimal virtual variations of the stress components (Sa,, 8ay, ..., 
8ro) 
from the equilibrating configuration. The kinematic equations and the geometric 
boundary conditions lead to 
ff ((CX -ýi)'5" ,(.. 
)5"+... + YXY - 
OU 
- 
ev 
Sr V+j YU - ww.. + (V - 05Y., + (w - Oz., PS =0 V 
cy ax 2 
(3.26) 
If we choose the arbitrary set of virtual stresses satisfying the equilibrium equations 
and mechanical boundary conditions, i. e. 
++0 ax ay az 
a(5rxy + alloy + all"A 0 ax Oýy az 
at5rzx + ". 6. ry. +0 in V, and 
ax ay az 
cW, =, 6axl + grxym + i5rzxn =0 
8Y, Sr., 
Yl + 
8,7ym + 8ry., n =0 
bZv i5rzxl + grym + 8o-, n on Sl (3.27a-f) 
The integration by parts transforms equation (3.26) into 
ff f(e., ga, + C'. 3a, + Csa, + y,., Sr, + Y. Sr. + Y,, Y&"Yýv 
v 
-ff (mr, + vby, +w 67, PS =0 
(3.28) 
S, 
Equation 3.28 is the principle of complementary virtual work. The principle holds 
valid for arbitrary infinitesimal virtual stress variations satisfying the equations of 
equilibrium and prescribed mechanical boundary conditions. 
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Using the similar procedure as the last section, one of the state function B is defined 
so that 
0= Cga, + cy8ay + 6., 46a, + yy., 8ry, + Y. 8r. + Y, 8r, (3.29) 
For the case of isotropic material, we let 
B= -L 
[(q., 
+ cr + or. 
)2 
+2(l +V+2 +r2 +r 
2_ 
crc, -a., a, -aaj] (3.30) 2E y ja zx XY yx 
The principle of complementary virtual work can be transformed into 
öri, =o 
where 
(3.31) 
fff[B(a,, cry, ---, a., Y)ýV- 
ff(u-cW, +V(5Y, +TbZ, )iS (3.32) 
v S2 
being the total complementary energy. 
Equation 3.31 is the principle of minimum complementary energy, which states that 
among all the admissible stresses, which satisfy the equilibrium and the prescribed 
mechanical boundary conditions on SI, the set of actual stress components make the 
total complementary energy an absolute minimum. 
3.2 Interfacial Stresses in Bonded RC Beams under Symmetric 
Loads 
3.2.1 Geometry and Loading 
Consider a simply supported beam with a span of 2L. The bonded plate has a length of 
21 (Figure 3.1). The beam is subjected to an axial force No, a pair of end moments MO 
and a symmetrically distributed arbitrary transverse load q(x). The applied loading 
causes the internal forces NI, Q1 and M, at the beam sections where the bonded plate 
ends [Figure 3.2(a)]. The sign convention for the applied loadings and the internal 
forces are shown in Figure 3.2(a). 
A global Cartesian co-ordinate system x-y is used with its origin being at the middle 
of the top surface of the beam (Figure 3.1). The bonded part of the beam consists of 
three layers: the concrete beam, the adhesive layer and the plate. A local coordinate 
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system xi'3 - yl'3 is adopted for each of the three layers, with the origin being at the 
geometrical centre of each layer (Figure 3.2a). For ease of reference, these three 
layers are denoted by superscripts [13, [23 and [3) respectively (e. g. the thicknesses of the 
three layers are denoted by h113, h123 and h [33 respectively). Similarly, superscripts 
(0), 
(1) 
9 
(2) and (3) are used to denote the surfaces and interfaces (e. g. the widths the 
surfaces/interfaces are b(O), b(l), b (2) and b (3) respectively) (Figure 3.2b). Note 
b(O) = b(l) =b (2) from physical observation. 
q(x) 
0) NO 
0 MO 21 Y 
2L 
Fig. 3.1 A plated beam under symmetric loads 
q(x 
(3) F-O' 
N, 4. f [3] MIQ, 
___ 
(a) Configuration 
b (3) 
,C 
(b) Cross section 
3.2.2 Assumptions 
x 
[3) NI 
)IM 
t xW (0) v V) XY Q) 
I = T-,; ý a y 
Ql, l 
Ni'l t*- 
V, ji 
(t-l) 
17; 
Aill +dAll 
ý M'l +dM'l 
QEI +dQl'l 
xy 
(c) Element of the i-th layer 
Fig. 3.2 Notations 
The present analysis takes into consideration the transverse shear stress and strain in 
the beam and the plate but ignores the transverse normal stress in them. Additionally, 
the following four assumptions are adopted: 
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1. Each individual layer is elastic, homogeneous and orthotropic. Note that the 
assumption of orthotropic behaviour has implications only for the shear 
moduli of the materials for the existing beam and the bonded plate; 
2. The three layers are perfectly bonded (no slips or opening-up at the inter- 
faces); 
3. The Euler-Bernoulli beam theory is adopted for the beam and the plate, 
whereas the adhesive layer is considered to be in a plane stress state; and 
4. The longitudinal stress in the adhesive is assumed to vary linearly across its 
thickness. 
3.2.3 Equilibrium Equations of Beam and Plate 
For the beam and plate (ith layer, i=1,3, see Figure 3.2c), equilibrium considerations 
lead to the following relations between the interfacial stresses and the stress resultants 
acting on the layer : 
=b (') u, ( y') 
(x) -b ('-1) a ('-1) (x) (3.33a) dx XY 
dQlil(x) 
b(')u. ( )(x) - (x) -0 
(i # 3) (3.33b) 
dx 
lq(x) 
(i = 3) dx 
dMI'l (x) 
= Qlil (X) - 
ht') 
(3.33c) 
dx 2 XY XY 
where Nl'l(x) , Qf'l(x) and Ml'l(x) are the axial force, shear force and bending 
moment respectively in the ih layer and cr(')(x) and cr(')(x) are the shear and XY Y 
transverse normal stresses respectively at the ih interface. In Equations 3.33 and the 
rest of this paper, the superscript in xi'l is omitted because the global and the three 
local co-ordinate systems share the same horizontal axis. 
3.2.4 Boundary Conditions at Ends of Plate 
The boundary conditions at the ends of the plate are 
NI'l (±I) 
0 (i # 3) (3.34a) 
N, (i 3) 
(i 3) 
(3.34b) 
TQI (i=3) 
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mlll(±I) =f0 
(i # 3) (3.34c) 
M, (i = 3) 
3.2.5 Representation of Stress Fields 
3.2.5.1 Stress Field in the Adhesive Layer 
The adhesive layer is treated as an elastic continuum without any body force. The 
equilibrium equations in its local coordinate system are 
i9er [21 acr [21 
-x + ýýxy =o (3.35a) a ay[21 
au [21 d9ar 
[21 
-, + ýy =O (3.35b) a 0-%Y[21 
where a, ', " , qI'I and a. 
E, 21 denote the longitudinal, shear and transverse stresses 
respectively. 
The longitudinal stress in the adhesive layer is assumed to be a linear function of y 121 
and it then follows from Equation 3.35a, that the shear stress distribution is parabolic. 
Equating the shear and normal stresses at lower and upper faces to the appropriate 
interfacial stresses, ax(Y')(x) and a; (i)(x) (i--I, 2) and adopting the equilibrium 
conditions of Equations 3.35a and b lead to 
(1) (2) [21 (1) _ ay(2) 
(ail)? 
+ ax(X2)p 
121 + 
4y 
ax(YI) +tT, (y2) +3( 
ay ay XY a; 121 - dx A h [21 ýh [21 h2 
(3.36a) 
2) 
1) +a (2) [21( (1) (2)) 
a . 121 3(a( -a(')) 'y y axy Xy 
XY 
y 
[21 
y dx + (21 2h 4h 
6 (o-y(') -a; 
) 
[21 
1 
(2)0 
(h [2) 2 
(a, (Y') +a 12))+ fh [21 -+h(a. (Yl) + ay 
)I 
(3.36b) 
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:2 121 (2) or 
(1) 
+a 
(2) 
(2) 
a(')+ a( h -a XY XY 3(a(') -a a [21 Yý ýy + 
(0--Yý 
XY 
) 
+y [2) 
()+. 
yy 
y284 2h [21 
I, )+ 2(o-Y(2) - ay(') (1)? 2)f (2) 
_(a., + a., ( a. (yI) 'y cy 
(3.36c) 
2h [21 axy (h 121 h (21 
)l 
in which a prime denotes differentiation with respect to x. 
3.2.5.2 Stress Fields in the Plate and the Beam 
Using assumption 3, the longitudinal and shear stresses in the plate and the beam can 
be expressed as 
[il = 
Nl'l(x) 
+ 
12ME3(x)ylil (i = 1,3) (3.37a) ax b(')hl'l b(')(hlil 
h[l] 
all) _LhIf +Ia. 
(Y 
2J (3.37b) 
XY 4 b(')hE'3 (2) h [31 131 
ax; 2 
+Y i=3 
As assumed, a[] Q=1,3) is neglected in both the beam and the late. yp 
3.2.6 Solution Procedure 
The interfacial normal and shear stresses may be expressed as Fourier series 
u () (x) = 2: a (') cos 
MAX (3.38a) 
ymm 
m u, 
(x) b (` sin (3.3 8b) 
m 
(1) where i =1,2; a. and b(') are unknown Fourier coefficients; and m=1,2, ... oo. The m 
constant term in Equation 3.38a has been set to zero to satisfy the equilibrium 
requirement that the integration of the interfacial normal stress over the entire length 
of the interface must be equal to zero. It may be noted that 
(0) (3) (0) 
a (3) -0 because no interfacial stresses exist on the top and bottom a; a; 11,; ý -1Y 
surfaces of the strengthened beam. 
Substituting Equations 3.6a and b into Equations 3.33 yields 
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NI" [b(')b( )- b('-')b( -') ]- Cos m; zxl +0 
i=l 
(X) 
I(- 
ly 
mmIN, 
i=3 
(3.39a) 
M= o 
Qtil(x)=E( -1 
[b()a(') 
- b('-')b(-) 
]sin + 
m M; r) I Q'(x) i3 
(3.39b) 
V) m MRX (x) [b a() -b (' -')bm('-') COS- -')a(' 
]-L[b(')b(') +b(' - 1) - 
jr)f 
ýg mmm 
m 7r 
2 
0 i=l 
(3.39c) 
M'(x) i=3 
where Q'(x) and M'(x) are stress resultants in the corresponding un-strengthened 
beam caused by the same applied loads: 
Q'(x) =-f q(x)dx (3.40a) 
M« (x) =Lf q(x)dx -1 xq(x)dx -xf q(x)dx + Mo (3.40b) 
Substituting Equations 3.39 and 3.40 into Equations 3.37 and substituting Equations 
3.38a and 3.40 into Equation 3.36s lead to the following stress components expressed 
in terms of the unknown coefficients a(') V), a (2) and b (2) MMMM 
'(b(. -)-b(. ))+L2iZýFa('-')-a(') hI'3(b('-')+b(')I MAX 
C7.1i) +MMj 
]I[(- 
Om -Cos 
= 
M M; r hl'] 
(hl'] 21 11 
+ 
(i 1,2) 
(3.41) 
(i = 3) 
(bm('-') + bm E'3(bm(-') -b(') a-lyil = -Z M 
Al']'" +MI m 2m 4 hl'J 
hl'] (b('-') +b (') ý0 (i =1 2) 
+MM sin T"x + (hl'] Mir 21 1 CXY 3) 
(3.42) 
0 (i = 1,3) 
a[ij = j: 4, 
M(Y[21)CoSM; 
7X (3.43) yMI (i = 2) 
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in which 
[2]M; r (1) - 3y [2] m (Y [21 h 
(bm 
-[(a(') a 
(2) m; r 
(b (') +b 
2 81 2h 121 mm 
)+ 
61 
1 
+ 
(YI21Y 
m7r(b(l) -b 
(2) 
(2) h 121MT (0) mm) 
[(a() 
-am (3.44) 21h 121 (h 121 
ymm 
)+ 
21 
11 
and a,, and a' are longitudinal and shear stresses in the un-strengthened beam XY 
caused by the same applied loads: 
Ni 12y [3] 
M'(x) (3.45) (3)h [3] 
b (3) (h [31 
UZ = 
2b (3) (h [3] 
y 
[(h [3] y- 4ýj31 Y 
ba 
(X) (3.46) 
The unknown coefficients may now be determined by minimising the complementary 
energy of the composite beam in the strengthened part. Only one half of the beam is 
considered here owing to symmetry. The total complementary energy in half of the 
strengthened portion is 
'1/2 1 rL 'i Ij h 
7y dxdylil /2 TU] ric =2j., b(') -i 
yt, 
1yE., 'l y ä. 
', yl 
1x1 
(3.47) 
where EI, 'l and Eyl'] are the Young's moduli in x- and y-directions respectively; and 
GI'I and v"' are the shear modulus and Poisson's ratio in the x-y plane of the th XY XY 
layer. 
Minimising II, by setting alflac.. j = 0, where c.,, is an element of the sub-vector 
c. =[a(), b() a 
(2), (") ]", leads to mm9mb. 
Cc =p 
where 
(3.48) 
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Cil ... 
SYM. 
... ... ... ... 
C mm c mo 
cmmj 
(3.49) 
C= [Cl ... C. ... cm], (3.50) 
p= 
[p 
I ... 
pm ... PM]T (3.51) 
in which M is the number of term of the Fourier series; C.. and Cmn are sub- 
matrices of C; and Pm is the sub-vector of P. The elements Of 
C. 
m, 
C. 
n and 
P. are given in Appendix A. 
The interfacial stresses are obtained by solving Equation 3.48 and substituting the 
resulting coefficients into Equations 3.38a and b. All symmetrical loading cases can 
be considered by properly including various forms of the transverse load q(x), axial 
force No and end bending moment MO in the loading vector P. 
3.3 Interfacial Stresses in FRP-Bonded RC Beams under 
Antisymmetric Loads 
3.3.1 Solution Procedure 
Consider the same bonded beam subjected to a pair of anti-symmetric end moments 
MO and an anti-symmetrically distributed arbitrary transverse load q(x). To facilitate 
the representation of the interfacial solutions using the Fourier series, we move the 
origins of the global and local Cartesian co-ordinate system to the left end of the 
bonded plate and denote the length of the beam by L and that of the bonded plate by I 
(Figures 3.3 and 3.4). We should distinguish the co-ordinate systems from those used 
in the preceding section. Apart from that, it is also worth noting that there are different 
denotations for L and I between the symmetric solution and anti-symmetric solution. 
The other signs take the same definition as the preceding section [Figure 3.2(b) and 
(c)]. 
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q(x) 
mo 
Fig. 3.3 A plated beam under antisymmetric loads 
q(x 
(3) x 
0 X131 
[3] 
13 
Q1, F 
ý3) 
(2) Q1 
[21 M (1) 
ý11 r Xtli II V Fig. 3.4 Configurations and local coordinate system 
The same equilibrium equation can be adopted as Equations 3.33, but with different 
boundary conditions due to the change of co-ordinate system, i. e. 
QVI(O; 1) =0 
(i 3) 
mlll(o; 1) 
0 (i # 3) (3.52a-b) 
Q, (i 3); ±Ml (i = 3) 
where Qj and MI are the shear force and bending moment in the RC beam at the ends 
of the strengthened part (see Figure 3.4), which are given by 
2[ 'L 1- 0 f LL q (x) x dx-MO fL-Lq(x)dx (3.53a) Q' =L 
(2 ) 
22 
M, = 
lq(x)(X-l)dx+Q" 
(3.53b) fo 
22 
Following the same procedure as that in Section 3.2.5.1 and 3.2.5.2, the stress compo- 
nents in the adhesive layer can be given by Equations 3.36 and those in the plate and 
RC beam can be given by Equations 3.37. 
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Allowing for the nature of interfacial stress, we can express them using the following 
Fourier series 
(') (x) a() cos mnx ; CO) 17; xy (x) b(') sin 
T= 
mI 
(i=1,2) (3.54a, b) 
0) where a. and P) are unknown Fourier coefficients, and m=1,3,5,... oo. Global m 
condition of equilibrium for the bonded plate and the adhesive layer requires 
11 f, 'u, (')dx = 0; f, xcr. (, )dx =0 (3.55a, b) 0 
Substitution Equations 3.55a, b into Equations 3.54a, b leads to 
J: ý( = 0; : 
a. () 
=0 (3.56a, b) 
,m2 
Substituting Equations 3.54a and b into 3.33 and 3.34. yields 
NE'l (x) =I (')b( )- b(-')b( '-') 
]I+ 
cos m; zx (3.57a) -1 
(-m-ir ) [b III 
m 
Q"'(x)=E -)[b(')a, (') - b('-')b('-') 
]sin m; zx +0 
i=l 
(3.57b) 
., 
(Im 
m m7r 
I Q'(X) i=3 
M[il(x) [b (') ab (") a 
h' [b(')b( )++ cos 
m mjr) Ir 2 
0 i=l 
+f 
Ma(X) i=3 
(3.57c) 
where Q'(x) and M'(x) are stress resultants in the un-strengthened beam subjected 
to the same applied loads which are 
(x) =-f. - q(x)dx + Q, (3.58a) 
M'(x) = -x 
fx q(x)dx+ fx xq(x)dx - M, + Qlx (3.58b) 00 
Accordingly the stress components in all three layers can be expressed by the Fourier 
series as follows 
(1-1) (i) f +12ZIFam -a. h I'l 
(b. ' 
-+ 
('-') +bI+ 
Cos m7zx 
mM 7r hi'l 
(hl'ly L m7r 21 
]1[ 
11 
102 
Complete Solution Chapter 3 
1,2) 
(3.59) 
(i = 3) 
31(a('-') - a( 'ý I'] 
(b (i - 1) -b (T [I , 
"i =-2.: mym 2m; zhl'l 4 hIll 
ra('-')-a(') h(l](b('-')+b( ) (i = 1,2) m 'm +m sin mlzx +0 (3.60) (ht'l L Mir 21 1aa (i = 3) 
1 
XY 
0 (i = 1,3) 
a Yli 
14-m 
(Y[21)COSMIZX Q= 2) (3.61) 
mI 
where 
(Y121) hl"m; r(b() -b 
(2) 
+ 
3yi2l mir(b(') +b m I. 
) 
(a(') 
-a 
(2) +m1 
2 81 2h 121 mm 61 
[21 
7r(b(l) -b 
(2)) h [2jm7r (0) M., 'n m- [(a(') 
-a 
(2) +m (3.62) 
21h [21 (h [21 ymm 21 
11 
and a' and a' are given by Equation 3.45 and 3.46. x XY 
In the process of using the principle of complementary energy, we note that Equations 
3.56 a and b impose the constrain conditions to the unknown coefficients. It suggests 
(1) (2) (2), M= that a. , 
P), a and b 1,3,5, ..., are not all independent. If we assumed mmm 
(2 that a, , 
b, "'), a, ) and b, (21 are dependent on the other unknown coefficients and the 
complementary energy rI, is a composite function, which can be written as 
(2) (2) ; a(l) b. (") (2) (2) rIjaj b, ('), a, b, m am 
bm J. Minimizing 11, by setting its first-order par- 
(2) (2 tial derivative in terms of a( . 
1), b( ), am and b. 1), (m = 3,5, ... ) equal to zero, and us- 
ing the chain rule of partial derivative of the composite function gives 
au 
- 
au Da, (') 
+ cl 
Um=3,5, 
..., i=1,2 (3.63a) Dam(') aa(') aa() aa, () 1m 
au 
- 
au abl(') 
+ 
au 
m=3,5, ..., i= 1,2 (3.63b) Obm(') Dbl(') ab. () ab. () 
In their compact forms, Equations 3.63 can be written as 
Cc =p (3.64) 
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where 
CII ... ... ... ... ... 
C ... ... 
CSS ... Cst ... 3.65) 
... ... Cts ... 
L CMM j 
C=[c, ... C. - CM], (3.66) 
p= [PI ... P, ... PM 
]T (3.67) 
where M is the term number of the Fourier series. C., and C. t are respectively the 
sub-matrix of C in the diagonal place and non-diagonal place and c, and P, are the 
sub-vector of c and P, which are given in Appendix B. 
Solving Equation 3.64, and substituting them into Equations 3.56a and b to ob- 
(2) (2) tain a, ('). bl(') . a, and b, , and then into Equations 3.54a and b, the 
interfacial 
stresses can be obtained. 
3.4 Interfacial Stresses in Bonded RC Beams under Arbitrary 
Loads using the Principle of Superposition 
Based on the theory of elasticity, we can decompose any arbitrary load into a symmet- 
ric component and an anti-symmetric component. The solutions for the symmetric 
load case and antisymmetric load case derived in the preceding sections are applied 
and superimposed to obtain the solutions for the bonded beam under an arbitrary load. 
The detailed decomposition of an arbitrary load is illustrated in Figure 3.5. 
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MI 
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QXt F Qo 10 
b) Symmetric loading 
+ 
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Qao( Q-0 
10 
c) Antisymmetric loading 
Fig. 3.5 Decomposition of loading 
3.5 Numerical Examples 
3.5.1 Uniformly Distributed Load (UDL) 
For a uniformly distributed load (UDL), which fall into the category of symmetric 
load, the components of the applied loadings are No =0, MO =0, q (x) =q and 
M, =q(e _12 
)/2. 
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The example analysed in the preceding chapter is reanalysed here. For ease of 
reading, the parameters are relisted as follows: 
q= 15N/mm; L= 1200 mm, I= 900 mm, 01 =h 
[21 
=4mm, h 
[31 = 150 mm; b(l) 
= b(2)= b 
(3) = 100 mm; E ý'I =E El = 200 GPa, E 
E21 
=E 
E21 =2 GPa, E 
E31 
=E 
E31 = 
XYY 
20GPa, and V121 = 0.25. 
Due to the singularity of the stresses at the plate ends, the solutions represented by the 
Fourier series converge slowly because of the Gibbs-Phenomenon Gibbs (1899). An 
example is shown in Figure 3.6 for the number of Fourier series terms m= 800. For 
sufficiently large number of Fourier series term m. the solution tends to converge to 
the mean value of the upper and lower bounds, which is in accordance with the theory 
of Fourier series as explained by Hobson (1926). Figure 3.7 shows the curves of the 
average values of the interfacial stresses for m= 400,600,800 and 1000 respectively. 
It is seen that the curves from m= 1000 are very close to those from m= 800. A num- 
ber of Fourier series terms m= 800 is used in this example. 
To verify the present solution, Figure 3.7 compares the present predictions with those 
obtained by FEA in the preceding chapter. The interfacial normal stresses at the plate- 
to-adhesive (PA) interface, the mid-adhesive (MA) section and the adhesive-to- 
concrete (AC) interface are small and almost identical to each other away from the 
vicinities of the plate ends. Near the plate ends, the interfacial normal stress at the MA 
section is larger than that away from the plate ends but the value is still limited. This 
stress at the PA and AC interfaces diverges dramatically towards the plate end and 
large compressive stresses are experienced at the PA interface. Clearly, the present 
predictions agree very closely with the FE results (Figure 3.7a). It may be noted that 
this is the first analytical solution, which correctly predicts the drastic difference in 
the interfacial normal stress between the PA and AC interfaces, as demonstrated by its 
close agreement with FE predictions (Figure 3.7a). 
The interfacial shear stress (Figure 3.7b) increases towards the plate end and then 
reduces rapidly to zero at the free edge, complying with the stress-free boundary 
condition there. Both the peak value and its corresponding location are slightly 
different at PA interface, the MA section and the AC interface. The present solution is 
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again in close agreement with the FE results, except for the interfacial shear stress at 
the AC interface near the very end of the plate (within I mm), where the FE analysis 
predicts a rather large shear stress level. 
3.5.2 Mid-span Point Load (MPL) 
For a beam under a point load at the mid-span which is the symmetric case, the 
components of the applied loading are: No =0, MO =0, q(x) = pS(x) and 
M, = p(L - /)/2. Here S(x) is the Dirac delta function used to represent the MPL in 
the context of Schwarz's distributed theory (Schwarz 1966, Yavari et aL 2000). 
An RC beam bonded with a CFRP plate and subjected to a mid point load p= 15 0 KN 
is used here as the second example. The RC beam has a span 3000 mm, a width 
b (3) = 200 mm, a depth h [31 =3 00 mm, Young's moduli E (3] =E [31 = 30 GPa and a Xy 
Poisson's ratio V13] = 0.17. The orthotropic FRP plate has a length 2400 mm, a width XY 
P) = 200 mm, a thickness h111 =4 mm, a Young's modulus in the x-direction EI'3 -- X 
100 GPa and a shear modulus in x-y plane GI'l =5 GPa. The isotropic adhesive layer XY 
has a width P) = 200 mm, a thickness h [21 =2 mm, Young's moduli E., I, 'l = E121 =2 y 
GPa, and a Poisson's ratio 021 = 0.35. All these geometric and material properties, XY 
except the Poisson's ratios for the RC beam and the adhesive layer and the shear 
modulus for FRP plate, which are assumed common values here, were given by Smith 
and Teng (2001). 
Figure 3.9 shows the present predictions of interfacial normal and shear stresses. 
Approximate analytical results from Smith and Teng (2001) and Tdljsten (1997) are 
also shown for comparison. Both Smith and Teng (2001) and Tdljsten (1997) assumed 
invariable normal and shear stresses across the thickness of the adhesive layer. The 
interfacial normal stresses from the two approximate analytical solutions agree well 
with the present solution away from the plate ends and in the vicinity of the point load 
(Figure 3.9a). At the plate end, the present solution predicts a much higher stress 
(approximately 3 times) at the AC interface than both approximate solutions. This is 
an inevitable consequence that the assumption of uniform shear and transverse normal 
stresses in the adhesive layer adopted by these approximate solutions alleviates the 
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stress singularity near the plate end. The present solution also predicts significant 
compressive interfacial stresses at the PA interface in the vicinity of the point load. 
For the interfacial shear stress (Figure 3.9b), very significant differences exist 
between the present solution and the two approximate solutions. The approximate 
solutions predict monotonically increasing shear stresses towards the plate end, which 
does not satisfy the traction-free boundary condition there. This traction-free 
boundary condition is satisfied by the present solution. Consequently, the peak shear 
stresses predicted by the present solution are only about half of those predicted by the 
two approximate solutions. The approximate solutions are also unable to predict the 
significant interfacial shear stresses in the vicinity of the concentrated load. 
3.5.3 Two-Point Load (TPL) 
For a beam under two symmetrical point loads, the components of the applied loading 
are as follows: q(x) = p[g(x - 10) + S(x - 10)], No =0, MO =0 and M, = p(L - 1). 
Here 10 is the distance from the mid-span of the beam to either of the two point loads. 
The same CFRP plated RC beam as in Section 2.7.2 is used here. The beam is 
subjected to TPL with p= 75 KN and 10 = 600 mm. This same example was also 
calculated by Shen et al. (200 1). 
Figure 3.10 compares the present solution with Shen et al. 's (2001) high-order 
solution. The interfacial shear stresses from Shen et al. 's (2001) high-order solution 
are in close agreement with those of the present solution (Figure 3.10b). However, 
significant differences exist between the two solutions for the interfacial normal 
stress. Near the plate end, Shen et al. 's (2001) solution predicts tensile stresses at both 
the PA and AC interfaces, in contrast to tensile stresses at the AC interface and 
compressive stresses at the PA interface as predicted by the present solution (Figure 
3.10a). Shen et al. 's (2001) solution also yields considerably different predictions for 
the peak values at both the plate end and directly below the concentrated load. This is 
believed to be due to the partial use of the plane section assumption in their solution 
process. 
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3.5.4 Antisymmetric Point Loads (APL) 
If two point loads are symmetrically applied to the strengthened RC beam with oppo- 
site directions, which is the antisymmetric load case, i. e. MO =0, 
q(x) =p [8 (x - 10 8 (x -I+ 10 where lo is the distance between the applied load 
and plate ends. 
Using the same geometrical and material parameters as those in 3.5.3, so do the load 
magnitude and load location, i. e. p= 75KN and 10 = 600, with the only difference 
that the RHS point load is changed the direction pointing upwards. 
Convergence analysis suggests that the term number of Fourier series is also taken as 
800 for this example problem. Figure 3.11 shows the interfacial normal stresses and 
shear stresses along PA interface and the AC interface, respectively. It is noted that 
the origin of coordinate system is located at the left plate end, unlike the symmetric 
case with the origin located at the middle point, and the stresses is plotted for the right 
half beam. As can be seen in Figure 3.11, both the normal stresses and shear stresses 
show significant concentration at the plate ends and slight concentration at the loading 
positions, which is attributed to the stress singularity. This concentration only affects 
the localized areas, that is, in the region away from plate ends and load positions, the 
stresses remain the same as are given by the classic laminate beam theory (CLBT). 
The regions experiencing the stress concentration near the plate ends are development 
zones through which the FRP starts to work together with RC beam. For the normal 
stress, the develop length is only about 25 mm, during which the interfacial normal 
stress in the AC interface increase dramatically to 2.0 MPa, while the normal stress in 
the PA interface increases before it reduces to low value and then even becomes nega- 
tive at the plate end. That is consistent with the laboratory and practical observations 
where the debonding exclusively occurs along the AC interface. For the interfacial 
shear stresses, the develop length is much longer than that for normal stresses, i. e. 
around 250mm, where the interfacial stress increases greatly before it reduces to zero 
value at the plate end which satisfies the stress-free condition. As there are no existing 
published data about the same loading available, we are unable to make any compari- 
sons between the present solution and the others. However, in the next example, we 
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are going to compare the results with published approximate analytical solution for 
the bonded RC beam subjected to an arbitrary non-symmetric point load. 
3.5.5 Arbitrary Non-symmetric Point Load (PL) 
The solution presented in Sections 3.7.3 and 3.7.4 can be superimposed to obtain the 
interfacial stress solution for the bonded beam subjected to a single arbitrary point 
load (PL). The point load in the right-hand-side is cancelled out and that in the left- 
hand-side has been doubled in its magnitude, i. e. p= 150KN. Figure 3.12 shows the 
interfacial normal and shear stresses for the strengthened beam under a single point 
load using the present method. Also showed are the comparisons with the approxi- 
mate analytical method by Smith and Teng (2001), in which both normal stress and 
shear stress remain uniform in the thickness of the adhesive layer. Similar to the other 
load cases, both interfacial stresses show concentration at the plate end. The compari- 
son shows that both methods provide favourable agreement in the majority area ex- 
cept the vicinity of the singularity points. For the normal stresses, the approximate 
analytical results fall in between two values along the PA and AC interface given by 
the present solution. This is attributed to the assumption of the uniform distribution of 
the transverse normal stress across the entire thickness of the adhesive layer. This as- 
sumption obviously restrains the variation of the normal stress within the thickness. 
For the shear stresses, the analytical results show its monotonically trends towards the 
plate ends rather than reduced to zero value, which inevitably enhance the peak value 
at the plate ends, while the present solution provide almost identical interfacial shear 
stress in PA and AC interfaces with the peak values at the location slightly away from 
the plate end, i. e. 1-2 times of the adhesive thickness, where the normal stress in the 
AC interface is also reduced its magnitude substantially. 
3.6 Remarks 
In this chapter, a rigorous solution for the interfacial stresses in the plate bonded rein- 
forced concrete beam has been developed using the principle of minimum comple- 
mentary energy. The solution is so called as completed because there are almost no 
simplifications introduced in the process of derivation, except that the longitudinal 
stress in the adhesive is assumed linearly distributed across the adhesive thickness. 
This assumption is rational as the low Young's modulus of the adhesive leads to a 
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fairly low longitudinal stress and the assumption of linear variation in the thickness 
direction is adequate to simulate its real distribution even near the plate end. 
Both symmetric and antisymmetric load cases are considered and the appropriate 
combination of these two may construct any arbitrary load case in the framework of 
elasticity. The distribution functions provide a generic form to include any loading 
pattern. This can avoid the painstaking manipulation of the continuous conditions, 
used in most of the available approximate solutions, at the point load position or the 
positions where step change of the load occurs. 
Verifying examples demonstrate that this solution provides much more accurate re- 
sults than the approximate solutions and the results are favourably coincident with 
FEA results using the fracture mechanics approach. But this solution can avoid the 
cumbersome meshing process and are highly versatile. 
The solution not only takes into consideration the non-uniform stress distribution in 
the adhesive layer and the stress-free boundary condition at the ends of the plate, but 
also correctly predicts the drastic difference in the interfacial normal stress between 
the plate-adhesive and adhesive-concrete interfaces revealed by finite element analy- 
sis for the first time. The solution methodology is general in nature and may be ap- 
plied to the analysis of other types of composite structures with thermal-mechanical 
loads. 
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CHAPTER 4. 
CLOSED-FORM RIGOROUS SOLUTION USING A 
TWO STAGE METHOD 
4.1 Introduction 
In Chapter 3, we developed a complete solution using the principle of minimum 
complementary energy, in which algebraic equations have to be solved by a numerical 
method. In deriving the solution, the Fourier's series are used to represent the stress 
components. The solution is exact in the light of the presumed assumption if the 
number of the terms of Fourier's series could reach infinite. For the practical 
application, a limited number of terms are adopted and a set of equations in terms of 
the unknown Fourier coefficients are formed. The numerical solution can only be 
obtained using computer programming. Gibbs phenomena occurs due to the stress 
singularity at the plate end. The mean values of the upper and lower envelopes are 
taken as the correct values since the results show the nature of oscillation due to the 
Gibbs phenomenon. 
Previous studies on the interfacial stresses in the plate bonded RC beam by the author 
have gained a great deal of useful information, which enables us to make sensible 
assumptions to improve the solution. For instance, the work by Shen et al. (2001), 
Yang et al. (2004) and that done by the author and presented in Chapter 3 show that 
the interfacial shear stresses on the adhesive-concrete (AC) and plate-adhesive (PA) 
interfaces are very close to each other. Accordingly, in this chapter, we can take 
advantage of the assumption of a constant shear stress distribution along the thickness 
of the adhesive layer. In fact, this assumption suggests that the adhesive layer doesn't 
carry the normal stress in the longitudinal direction, which, as mentioned in the last 
chapter, attributes to the fact that its Young's modulus is much lower than the 
adherends. The adoption of this assumption together with those listed in Chapter 3 
establish the principle assumption, based on which a closed-form solution for the 
interfacial stresses in the plated RC beam is to be proposed. 
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Comparison with the numerical solution, which has to turn to the computer 
programming, this closed-form solution can be carried out using widely used 
spreadsheet packages, such as NIS Excel. It obviously provides a very useful 
alternative approach. Furthermore, the closed-form solution can be simplified by 
omitting terms with small quantities to obtain a compact solution without losing too 
much accuracy. In this sense, seeking the closed-form rigorous solution becomes 
rather important without question. 
In this chapter, the interfacial stress solution is obtained in two stages. In both stages, 
Fourier series represent the stress solutions and the principle of the complementary 
energy is used again. One of the unique features of the solutions is that infinite 
Fourier series can be taken and the explicit summations of the relevant series can be 
obtained. In the first stage, two stress distributions along the middle section of the 
adhesive layer is presumed first, and an approximate relationship between the shear 
stress and transverse normal stress is introduced based on the assumption of 
composite action among different materials. This reduces the number of the unknown 
coefficients and leads to the explicit solutions of both interfacial stresses. However, in 
this stage, the solution for the transverse normal stress is not deemed ideal as the 
imposed constraint relationship is used in deriving it. The Fourier coefficients are not 
independently determined by the principle of the complementary energy. The solution 
for the interfacial shear stress, however, provides desired accuracy with the absence of 
the constraints and it is then used as a known condition in the second stage when 
deriving the transverse normal stress. In the second stage, the other stress components 
are represented using the interfacial shear stress, and the constraints used in the first 
stage are discarded. This step largely increase the accuracy of the transverse normal 
stress. 
Compared with other closed-fonn approximate solutions, the present one takes into 
consideration the non-uniform transverse normal stress distribution in the adhesive 
layer and satisfy the stress-free boundary condition for the shear stress at the ends of 
the plate. It favourably predicts the significant difference of the transverse normal 
stress between the PA interface and AC interface as revealed by finite element 
analysis, while none of the analytical solutions can achieve this. Compared with the 
'closed-form' high-order solution by Rabinovich and Frostig (2000), the present 
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solution principally offers the same degree of accuracy. However, Rabinovich and 
Frostig's solution is not a closed-form solution, where there are eleven integration 
constants that have to be calculated by a numerical method. Spatial packages, such as 
Maple, have to be used to avoid the overflow. These problems do not exist in the 
present solution. 
Based on the closed-form rigorous solution, simplified approximate solutions for both 
shear stress and normal stress are developed in the next chapter. The present solution 
methodology is general in nature and may be applied to the analysis of other types of 
composite structures. 
4.2 Method of Solution 
4.2.1 Geometry and Loading 
The same geometric configuration, coordinate systems and sign conventions are used 
as those for the symmetrical loading case in Chapter 3 (Figures 3.1 and 3.2). The 
loading components include a pair of symmetric end moment MO and a uniformly 
distributed load (UDL) with a load intensity q. As can be seen in the following 
sections, only the end moment Mo plays a significant role in determining the stress 
concentration at the plate ends. The inclusion of the UDL is for the purpose of 
validating the present solutions using the existing validated data. 
4.2.2 Assumptions 
The first three assumptions listed in section 3.2.2 are also used in this part. Apart from 
those, there are three additional ones as following: 
1. The adhesive layer only carries negligible longitudinal stress, which implies 
that the shear stress is constantly distributed along the thickness of the 
adhesive layer in a given section. 
2. In the first stage, the assumption of plain section remains plain is used to 
define the relationship between the transverse normal stress and shear stress 
along the middle section of the adhesive layer. 
3. In the second stage, the assumption (2) is discarded. 
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4.2.3 Stress Fields 
Following the similar procedures in Sections 3.2.3 and 3.2.4, the equilibrium 
equations and the boundary conditions for each layer, i. e. the RC beam, adhesive layer 
and bonded plate are given in the same forms as Equations 3.33 and 3.34. The similar 
stress fields in the plate and the beam as given by Equations 3.37 can also be used in 
this solution. The stress fields in the adhesive layer need to be rederived. Equations 
3.35 for the equilibrium equations of the adhesive layer is adopted herein and the 
integration with respect to yl'3 leads to the following transverse normal stress field in 
the adhesive layer as 
'2' 
a 
[21 
= 47yo Y 
121 
ýa 
Y 
yA 
in which uYO is the normal stress in the middle section of the adhesive layer. As 
assumed, the shear stress remains constant in the thickness direction in the adhesive 
layer, i. e. cl, '3 is only the function of the x coordinate 
[21 
4.2.4 Solution Procedure for Shear Stress -'y 
As the first step of the solution procedure, the shear stress a. ', 'l is expressed as Fourier 
series function, i. e. 
[21 (x) b. sin 
T740c 
m 
(4.2a) 
And the normal stress in the middle section of the adhesive layer (MA) cryo(x) is ex- 
pressed as 
ayo (x) = Ea. cos 
m7DC 
mI 
(4.2b) 
where am and b. are unknown Fourier coefficients; and m=1,2, ... oo. Note that the 
constant term in Equation 4.2b has been set to zero to satisfy the equilibrium 
requirement that the integration of the interfacial normal stress over the entire length 
of the middle section must be equal to zero. 
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In this step, we only focus on the solution of shear stress ul,, Y'I. 
To facilitate the 
derivation of the explicit solution, we set up the relationship between the unknown 
Fourier coefficients am and b. by: 
am =b (4.2c) 
where ý is the coefficient, which can be derived in the following section. This leaves 
only one set of unknown coefficient b. in the equations. Note that the coefficient ý, 
given as a constant in Equation 4.10 in the following section, is an approximation in 
the vicinity of the plate end. Hence, transverse normal stress obtained in this stage is 
not as accurate as the shear stress due to the reason mentioned above. An improved 
normal stress solution will be presented at the second stage. 
4.2.5 Derivation of the Coefficient ý 
.4 
o. 
x 
Fig. 4.1 The longitudinal normal stress along the composite cross section of the 
bonded beam using CLBT 
The longitudinal normal stress of the bonded beam along the composite cross 
section, a.,, can be obtained by the classical laminate beam theory (CLBT; Gere and 
Timoshenko, 1999) (see Figure 4.1) as 
ax = 
mz 
10 
(4.3) 
where Mz is the internal bending moment in an arbitrary cross section, y is the 
vertical coordinate, for which the origin located in the neutral axis, and 10 is the 
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second moment of area of the cross-section transferred to the plate material which is 
given as 
10 =I b(')(htlly + 
(h [21 
12 EEl 
P) hIll hIll _ ho)2 + 
b(')E., t, 21 
h 121 
ýWI 
+h 
[2] 
-ho)2 + 
b(3)Eý, l'l 
h [31 hl') +h [21 +h 
[3] 
- h, 
» 2 
E. t'l 
(4.4) 
where ho is the distance from the neutral axis to the lower edge of the cross-section 
transferred the plate material, i. e. 
ho = 
b(')(hllly 
+h 
[2) hl'] +h 
[2] 
+h [3] hi'l +h 
[2] 
+h 
[31 
2 ExEl 2 EV 2 
. 
1, 
A 
(4.5) 
in which A is the transformed cross sectional area with regards to the plate material, 
i. e. 
[21 bE [21 [21 BE 
[3] 
(31 A=bh +ýý' h +ýýx h 
EI'l EI'J 
xx 
(4.6) 
The stress results due to a,, = 
Mz 
y in the bonded plate in respect of its own neutral 10 
axis are 
NI'l = 
r. O-hl1l 
a,, dy =m, 
hill (2ho - hill) (4.7a) 
210 
mill =+ 
hill Id thIll 
ý(y-ho 2) 'y 1210 
(4.7b) 
These two stress results can also be obtained from Equations 3.33 by substituting the 
stress components with the Fourier series in Equations 4.2 as follows 
01 =Z 
(_ I)m 
_COS" (4.8a) 
m mr 
III 
MEI]=,: 
Ib(')bm (_, ). _Cosmirx 
] (2ý 
- hl'l -h (21) (4.8b) 
m 2m; r I 
124 
Closed-form Rigorous Solution Chapter 4 
Equating Equation 4.7a divided by Equation 4.7b to Equation 4.8a divided by Equa- 
tion 4.8b yields 
fhll' 
1: b,, Cos m 7x = 
(2ho 
- 01 
X2ý 
- hl'l -h 
[21)j: bm (_ I)m _ COS 
MnX 
3, ml 1-1 m M[ II 
(4.9) 
To remain the equality of the summation of the series functions on both sides of Equa- 
tion 4.9, we equalize them termwisely, and that results in 
(hIll Y+ (4.10) 
6(2ho - hil) 2 
4.2.6 Stress Representation in Three Layers with Fourier Series 
Substituting Equations 4.2a-c into Equations 3.36 yields 
ap] 
I_ 6yE'l Im- mnx 
x hl'l (hlll 
[hlll 
+ hl'l - 2ý 
m7r 
bm 
[(- 
1) Cos 1 
(4.11 a) 
all] 
I+-y V] 
+ [h1ll + h121 - 2ý 2] b,. sin 
m7lx (4.11 b) XY 4 4hIll hIll (hlll Y 11 mI 
b (2) 1 6y1l) 121 1 nx 6y[l] 12 _ qX2 cr - [3) (h[3]y [h + 03 + 2ý 
M; r 
b. 
[(- 
I)m - COS -M + (3) (hJ31 Y 
(2M, +q hb 
(4.11 c) 
b(2) P 
Or (3] = _j_ ++ 
3LI[h [2) 
+h 
131 
+2ý Eb. sinmnx + 
3qx (+[3))2 
_ 
(h[3) 
XY b (3) 4 4h [31 h [31 (h [3] 2b (3) (h 131 
y 
Y) 
(4.11 d) 
Substituting Equations 4.2 to Equation 4.1 leads to 
a[21 [21 
m7r 
b cos MAX yy 
)F, 
m 
mII 
(4.12) 
The unknown coefficients b. may now be determined by minimising the total 
complementary energy of the composite beam in the strengthened part written in 
Equation 3.47 by nullifying the first-order partial derivative about b., i. e. 
örl, /0 b. =0 
which yields 
(4.13) 
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Ir )2 
j7r 
(m; 
r)' 
+S2+S3 
]b. 
= P. (4.14) 
Mir 
Y- 
J( 
j 1,2, --- 
-1)' +[S2 
where 
S, = 
V) [3(hlll 
+h 
[2) 
+ 12ý(ý - PI -h 
[21 + (hl'l 
E. I'l (hlll Y 
+ 
(b (2) y- [3(h 121 
+h 
[31 
+ 12ý(ý + hl'] +h 
[31 + 
(h[3] 
(4.15a) 
(3) [31 131 b Ex (h 
S2 = 
b(l) 
-3(h[2] 
- 2ýy + (01 +h 
[2] 
- 2ý) - 
hl'l h [21b (2) 
20GI'l hIll 3 2G (2) XY XY 
+ 
3(h[21 + 2ýy, + 
(h[21 
+h 
131 
+ 2ý) _h 
131 
(4.15b) 
20b (3)G 131 h [3) 3 XY 
I 
S3 =b 
(2)h [2] [(h [21 
+ 12ý2 (4.15c) 24EIY21 
P. =A(-'ý +B(-'ý (4.15d) 
mm3 
where 
1 (2) 
Xh[21 [31 [2] [31 + 121 b 2(3MO + 12q +h +2jý + q(6h +h (4.15e) 
Rb 
(3)h [3] EJ, 3] (h[31 lOG 131 
j XY 
B 6b 
(2) 
q 13_ [21 +hl3l+ 2fl (4.150 (3) [31 [3] 
[h 
24b irEx (h Y 
To facilitate the simplification, we introduce the following parameters 
22f -S 
R2; a= 
II (4.16a-c) 
M 2S3 
(; 
; 
1-Ir (; 
r) 
(; 
r) 
ý 2S3 
where P>a for practical cases. 
Equation 4.14 can be re-written as 
4m2P. -( -I (- 1)' RS, 
]1 
(4.17) 
m +2 '6M 
2 
+a 
[ 
m1r) S3 
Substitution of Equation 4.17 into Equation 4.16a yields 
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ll; rlýg 
- (4.18) ;r 4S 3 +14SI G 
where 
O=E 
41 (4.19a) 
mm+ 2flm' + a' 
(- Om mp. 
m4 +2 '6M2 +a2 =AO+BG' 
(4.19b) 
E)'= 2( 41 2) (4.19c) 
mmm +2,8m2+a 
The infinite summation of Equations 4.19a and 4.19b are derived using the following 
procedure. 
Each term of the summation function can be converted into a series of partial fraction 
functions and the constant terms can be moved out of the summation sign. For 
instance, 
4 
'6M 
22= 
Z-F2 
V12 2 
2)=T2 2 
m +2 +a M+ 
ým + 
IV2 I IV2 m m 
(4.20a) 
F, I=2: 1 
m 
M2 
(M4 
+ 2flM2 +a 
2) 
m M2 
(M2 
+ r12 
) (M2 
+ r22 
T2 
LZ I 
--LE-l (4.20b) 21m2+ Y12 2 'n (m 2 Y12 2m 12+ rý' 
) - T2 
m 
T2 
Yi 
2 
VF2 
2 where yl=VF, 8+)7,6-a andY2=, VFj6 J6 -a By adopting the summation 
of the Fourier series functions listed as follows, we can easily obtain the explicit func- 
tions for Equations 4.20a and b. 
The summations of Fourier series functions are, 
F, 
212 cos(mx) = 
;r cosh a(ir - x) _1290: 5 x: 5 2; r (4.2 1 a) m +a 2a sinh ar 2a 
;r cosh ax I 
22 
cos(mx) =2,0: 5 x: 5 2; r (4.21b) 
m +a 2a sinh air 2a 
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7r sinh a (x + x) 0 
2 sinhaz 
2m2 sin(mx) =-0 x=O 
(4.21 c) 
,m +a Ir sinh a (7r - x) 0<x: 9 7r 
2 sinhair 
x sinh ax 
sin(m)=ý 2sinhaz' 
m2 +a 
2 
0, 
(4.21d) 
where a is an arbitrary real constant, and m is a non-negative integer, i. e., m=0,1,2, 
3, ... The summation functions are given in one periodical region for the 
trigonometric functions. For the x values out of the regions, we can conduct some 
simple transformation to move these values into the defined region. For example, if x 
belongs to the region of -2; r :5x :50 in Equation 4.21 a, we introduce another variable 
X and let X=x-2; r. Thus 
212 
cos(mx) = 
2: 
212 
COS(MX) 
m +a ,m +a 
;r cosha(ir-X) I ;r cosha(x-ir)_ 1 27r: 5 x: 5 0 (4.21d) 2a sinhair - ýa-' 
= 2a' sinh az 
Ta7'- 
Using the above summation functions, by substituting appropriate values, we can eas- 
ily obtain the summation values involved in Equation 4.20. For instance, by substitut- 
ing x=0 and y, =a into Equation 4.2 1 a, we have 
E1- ir coshr, 7r 1 (4.22a) 
m 
CM2 
+ r12 
ý- 
2r, sinhrlir 2y, ' 
The limit value of Equation 4.22 (a) when y, -ý 0 is 
; rl (4.22b) -6 
Obvious, the summation in Equations 4.22a and b are both constant. 
Substituting Equation 4.18 to Equation 4.17 and then Equation 4.12 to 3.2(a) , the 
shear stress can be rewritten as 
ar[2, =P _LSIR)E 
(-i)-m (m; r ) (-I)m . 
(m; r 
-- A+ Bj: 49 siný x xy ;i S3 
ý( 
;rm4+ 2pm 2 +ýysin 
(-, X) 
. m(m +2 
BM 27 -a 
)I 
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=C, sinh 
YlyrX +C2sinh Y2; r X+ C3X (4.23) 
where the summation functions have been calculated using the method described 
above . 
The coefficients, Cl, C2 and C3, are given as 
C1= 
. 
2.1 
;C2=_. 
ý2 
; C3= _B (4.24a-c) Co CO 2ea' 
ci = 
12 
_ýB14S1 2 
[n72 (3 coth 2)-3]+67r'S3y2(Ay, 
2 
-B)l 
(4.24d) 
611S, y, siairy, 
e2 -e 21 
C2 "'- 
12 (BI 4 SI [zy, (3cothzy, -zyl)-3]+67r4S 3 Y4(Ay 
2- B)l (4.24e) 
6; 7S3 y2 sinh g72 
2 
14S1 Co cothzr, -7, cothe, 
)-2ýß' 
-a21+47r4 S3a 
2ýß2 
_a2 (4.24ý 
Note that c2 is obtained by exchanging v, and v2 in cl. 
4.2.7 Solution Procedure for Normal Stress ayo 
Based on the shear stress in Equation 4.23 obtained in section 4.2.6 and the Fourier 
representation of ayo(x) in Equation 4.2b, Equation 4.12 becomes 
m7rx v 7r (4.25) cy"I a. cos y(C, 
r7r 
coshL'I-r-x + C2 
L21-r 
cosh 12X+ C3 
m, 
IIII 
Using the same procedure as described in the preceding section, the stress components 
are obtained as the following 
L 111 12 2y' Z 
(hlll Ym 
(m7r) 
a. 
1(7 
Om 
- COS 
M71X 
+ Crxlla] (4.26a) 
3 [(hlll 4(yl'l a. sin-TH + crxly'la (4.26b) 
2(h[ll Ym wr 1 
ax[3] =_b 
(2) 12y (3] j: ( 1 )2 m M; ZX]+ [3]+C[3] 
- am 
[(- 
1) - b (3) (h [3] Ym MIr 
COS 
I 
axa 
xb (4.26c) 
a [3] = 
3b (2) 
[3 
[(h (3) 4ý13] a sin 
Mlix 
+a 
13] +(T [31 (4.26d) 
XY (3) 3]y m xya xyb 2b rh 1 
m 
where 
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6y[ll (hlll + hlý 6h 121 yM 
(X-I) 
C. I., C, 
[I- 
(hlll 
IlcoshZ 
I x-coshr, 7r] + (h[" sinhr,; rl 
+C2 
6y[ll (hlll +h 
cosh 
r2lr 
x- coshr2 'r + 
6h 121 y V] 
(X 
- 
1) 
sinlir2lr (hlll y 
11 
11 (hlll YI 
C3 
(1 2_x 2X6y(lj-hll) 3yE'lh 121 (1 _ X)2 
I 
2(hi'l Y (hlll Y 
(4.27a) 
C, 3(yl'l Y (01 +h [2) ) 4yill +3h [21 -1 sinhL' Ir x+ 3h 
[21 [(hlll 4(ylll 
sinhyir 
I 
(hl'] Y 401 4-I 4(hl'l Y 
+C2 
3ý"flhl'l +h 
E21 4yEll +3h 
E21 
-I sinh 
L2 "x+ 3h (2) 
[(hE'l Y- 4ý1'1 sinh Y2; r 
- 
(hfll Y 4hl'l 4-1 4(01 
X 
Y[l, 
2 (3h 12] 4ylll + M12] + hIll 3h 
[211 1 
+ C3 +3 
2)1 
(4.28b) 
h1l El] 4hl hi'l 4 01 
[3) 
=b 
(2) 6y [3] (h [2] +h 
[3] ) 6h [21 y [3) (x - 1) 
CL C, b (3) 
1+ 
[3] coshr, 7r-coshr"7x + [31 sinhr, 7r 
I 
(h Y 
11 
11 (h YI 
+ C2 b 
(2) 6y [3) (h [21 + 
cosO 
71 
x- cosh r27r + 
6h 121 y [3) 
(x 
- 
1) 
sinh r27r b (3) (h [31 (h [31 
b (2) 
(1 2_x2 X6y[3] 
-h 
[31) 3y [31h [21 
(1 
_ X)2 
(4.29c) + C3 b (3) 
- 
2(h[31 Y (h [3] 
y 
a 
X[3 al=Cl 
b (2) 3 
ý[3] 
Y 
(h[2] 
+ hi 
3 4y [3) _ 3h [21 1- ; rx+3h 
12] [(h [31 y 
-4ý[3]yj 
yb (3) [3] 
+ 
[3) -- sinhL' (h[3]y sinhr,; r (h Y 4h 4- 14 
b (2) 
fr 
3( y 
[31 yh [31 ) 4. Y131 +3h 
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3h [21 
[ýh [31 y 
-4ý13yj 
sinhr27r 
C2 
b (3) [L (h 13] y 4h (3] 
ýj 
I 4(h[3]y 
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'(3hi2l 
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aT = 
(2MO +q 12 _ qx 
2 
., b b (3) (h 131 
Y (4.29e) 
(TX[Y3 
3qx (2y[31 
-h 
[3] X2Y[3] 
+h 
[3) 
b (3) [31 
(4.29f) 
2b (h 
Y 
Minimizing IIC in terms of a. by requiring allclOa. =0 leads to 
SI, 
;; 
0 ( 2 )4+S2 )2 
+ S3]a. P. ' (- Ir J(-I)j+[L 
1'( (4.30) 
M; r 7W 2 mlr Mir J-1,2, -- Pr 
where 
SI 
I- 
120) 12(b(l) 
+ 
(3) [31 131 ExI11(hIlly b Ex (h 
(4.3 1 a) 
I 
30) 
S 2- - 5G['Ihl'l ' 5b (3)G [31h 131 XY XY (4.3 1 b) 
S31 = 
b (2)h 121 
2EIY21 
(4.3 1 c) 
pr = M _Ll +_E2 +( 
F+F F5 
+F _ I)m 34+6 42422 +r2 M2+ 2) MM 
(M 
MMr 
(4.3 1 d) 
2 
where Fj (i = L. 6) are: 
F, = T, I 
(C, sinh Y,; r + C2sinhY2g + C31) (4.32a) 4 
F2 -'= +C 12 
1 (C, 
sinh r,; r + C, sinh r, 7r - 2C2)- 
C2T22 
(21 31 2 (4.32b) T; 
r h 
F3= 
613 
T, I 
[h 121 (CI sinh r, 7r + C2sinhr27C) - C311 + 
2b (2) qI 
4 
I 
(4.32c) 
(3) 131 131 ;r b EI, (h f 
11 612 (T [21T cosh y,; r coshY2; ý) 3h'21 (T2 12T 
1 +5 I, 
XCIsinh 7r+C2sinhy2; r) F, h 11 C, 
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I YI Ir 
12 
+ 
yl Y2 5 
[21T21 12 (2]T 
I 
(T22 
+ 6h 12 (T12 +h I 
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12 + 
L22 
_ 
12 [2)T 
I 
+ C2 
-5 
7q2 
+ C31[2 T12 
10hI 
2b (2) qI 212 3+ 12b 
(2)Mol 1 
(4.32d) (3) [3] 5G., 1, 
y31h 
[31 b (3) [31 [3] Ex b1 (h E. ', (h j1 
1 r, ir[il 
(-iý2-2+3h 
121T21 )_ 612 (T12+h'2'T) (4.32e) F5 = -j C, sinh ý52 
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[21T 
612 (T12+h (2] TO L22-+3h 
2 )2 
F6 ý; TC2sinh 72 Ir 
I( 
'r( 2 
(4.32D 
Y2 
(b y 
T, 
b (3)E [31(h[31 Ell) (hIll xx 
(4.32g) 
(b y 
T12 
(3)E[3] [31 b (h 
(4.32h) 
x 
(b Y V) 
T= 21 (3) 31 131 b Gly h ['Ihtll 
(4.32i) 
(b V) T22 
= (3) 3 b G1, yl 
I'] (4.32j) 
Introducing 
)2 2 ý-, S21 
a1 (4.33) 2S3' 2Sý3' 
where 6'< a' for most practical cases, and following the same procedure as section 
2.6 
ayo = H, 1: 
(- I)m 
cos mg 
+H2Z 
Cos 
fl-r-x 
mM2 +(Y. 
)2 
(ImM2 
+(r2 )2 
(I) 
+H3 12 
(- ')m 
cos(. 2-2v x) + H4 
Z2 
(- ')m 
cos 
mir 
x 
mM+ 
(171 + '172 mM+ 
(l. 
-'; 72 
+H -cos(21; -r-x)+H6 Cos( -MIr X) I SE 22 2+ 
I_i, 72)2 mm +(? 1. +472 mM(? I 
(4.34) 
aF-, 61 where the dimensionless parameters q, and 172 =. Note that Hi Q 2 
= IA), which are too complex to list herein, are normally complex. The summation 
functions in Equations 4.21 also apply to the case when a is a complex, e. g. the 
substitution of a by c+ id in Equations 4.2 1a and b, yields 
1 
cosmx=G +IG (4.35a) 2+(C+id)2 IR 11 
mm 
(-')m 
cosm=G2, +iG (4.35b) 2+(C+id)2 21 
mm 
132 
Closed-form Rigorous Solution Chapter 4 
(C2 
I rc(sinhcxcosd(x - 2z)- sinhc(x - 2z)cosdx)+ d(coshcxsind(x - 2, T)- coshc(x - 2z)sindx) 
]2z 
GIR ý ;r-, 
ý21 
. 
42 
2 +d')l L cos 2)zc - cos 2md c +d 
G" -I ; r[ 
c(cosh r-x sin d(x - 2+ coshc(x -2z)sin dx)+ d(sinh cx cos d(x- 2z)+ sinh c(x - 2jr)cos dx)l + 
2 Fc+ d) 
I 
cos 2m - cos 2; rd 
i 
G2R -- 
I Ili c(sinh c(x + ir)cos d(x -; r)- s inh c(x -. T) cos d(x +; r)) + d(cosh c(x + jr) sin d(x -; r) - cosh c(x -; r)sin d(x + ; r))] _c2-d2 2 Fc2 + 7d2 cos 2nc - cos 2; zd cz+d2 
G2, I ;r 
c(coshc(x +; r)sind(x- jr)+ coshc(x -; r)sin d(x + x))+ d(sinhc(x + ir)cosd(x- ir)+sinhc(x -; r)cosd(x + jr +2 
cd 
2 Fc2+-d-2)1- cos 2= - cos 2Rd c +d 
21 
(4.36a-d) 
By simplifying Equation 4.34, the imagine components will automatically vanish, 
leaving the real components representing the normal stress in the MA section as 
1 Eß'- 
+G2R(F4 + Fs +5' F6 - 
12 
S'R' (GIRF'+GI, 1 
F' 
UYO -"ý ,2 2111172 811812 (521'522 S; 
+ 
G r12 
F 
50y22 
F 
12 
StR'ß y14 
4 
21 Fp ovi F4 (ß + Gl' + G2 3)+ 
7r2 
2 2j71172 
[ 
811 d512 '521822 
1 
gl 
l'912 
8215221 
(4.37) 
where GIR, GII, G2R, G2, are obtained by substituting c with i7j, d with ? 72 ,x with 
nx1I in Equations 4.35 and 4.36, respectively, G;, G, ' are obtained by substituting x I 
with ; zx/I ,a with y, and y2 respectively in Equations 4.32b. Thus 
go =a 
t2 
- 2,6'yl (4.38a) 
(51, = y, 2-217jr, +a' (4.38b) 
(512 =r2 +2t7lrl +a' 1 (4.38c) 
'521 = r22- 2t7l r2+ a' (4.38d) 
(522 = r22+ 217ly2+ a' (4.38e) 
R'- 
13Wp- 
_ 
;r 4S 3 +14S I 
%p (4.38f) 
T=2: 1 4 FM2 F2 m+2 6 +a 
(4.28a) 
, 
ip = 
(- P. 
(4.38b) 42 o2 
m+2,6'm +a 
Using Equation 4.25, the interfacial nonnal stress can be obtained by substituting yI'I 
with hI'I /2 and - hI'I / 2, respectively. 
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a )=a . 
Ll 11 C 2, , 
7r 
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X+C2 
L, 7r 
cosO 
7r 
X+C3 (4.39a) 
Y(I YO -2(IIIII 
[21 7r 
-E 
Ll! 'Ex + C. L-lr coshL-7r (YY'2) = ay, + C, L 'r (4.39b) ' cosh lr 
2' X+C3 
2(III 
4.3 Solution Verification by Numerical Examples 
The example used in Section 3.7.1 in Chapter 3 is used again herein to verify the pre- 
sent closed-form solution. Figure 4.2 shows the results of normal stress and shear 
stress. Figure 4.2 (a) displays the transverse normal stress in PA interface, MA section 
and AC interfaces, respectively. Two groups of results are compared, one from the 
present solution, the other from complete solution introduced in the preceding chapter. 
As the figure shows, the present solution shows the difference of the transverse nor- 
mal stress along the PA interface and AC interface. But the peak values are lower than 
those obtained by complete solution. It is believed that this is attribute to the assump- 
tion that the shear stress keeps constant along the transverse direction in the adhesive. 
The shear stress is plotted in Figure 4.2 (b) where only one curve appears as they are 
assumed to be constant across the thickness of the adhesive layer. Again, the peak 
stress predicted by the present solution is slightly lower than those given by the com- 
plete solution. In fact, the present solutions show a reduced order of the shear stress. 
However, the relative difference is within 10% and the present is actually very close 
to that in the MA section predicted by the complete solution. 
The second verification example is taken from Shen et al. (2001). An RC beam 
bonded with a GFRP plate and subjected to UDL. The RC beam has a span 3000 mm, 
a width V) = 200 mm, a cross-sectional height h [31 = 300 mm, Young's moduli 
E. 1,3] =E [31 = 30 GPa and a Poisson's ratio V[3] = 0.18. The orthotropic FRP plate has a y XY 
length 2400 mm, a width P) = 200 mm, a thickness h111 =2 mm, a Young's modulus 
in the x-direction EI'l = 100 GPa and a shear modulus in x-y plane GE') =5 GPa. The X XY 
isotropic adhesive layer has a width b(') = 200 mm, a thickness h121 =2 mm, Young's 
moduli E. 121 =E 121 =3 GPa, and a Poisson's ratio V[21 = 0.35. y XY 
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The stress results are presented in the dimensionless format in the plots as shown in 
Figure 4.3, i. e. the x coordinate is normalized by the half length of GFRP 1, and stress 
values are normalized by the concrete maximum tensile stress experienced by the 
concrete particle in the bottom of the RC beam at midspan. It can be calculated in 
this case as qOk/2 I,, where q is the intensity of UDL, k is the second moment of 
area about the neutral axis of the composite cross-section with all the materials trans- 
ferred to concrete, h, is the distance between this neutral axis to the concrete tensile 
furthermost fibre. As the dimensionless value is independent of the applied load mag- 
nitude, the value of q is not specified herein. 
Figures 4.3 show the dimensionless normal stress and shear stress and their counter- 
parts from Shen et al. (2001)'s solution. Shen's results show greater peak normal 
stress at the AC interface, and the normal stress at the PA interface near the plate end 
is tensile as well. The present solution offers only about half of that peak value at the 
AC interface and a compressive stress at PA interface. The transverse normal stress in 
the MA section from the present solution is in between them. From Shen's results, the 
normal stresses are zero when the shear stresses arrive at their peak values, but the 
present solution shows that normal stress occurs at this position with limited magni- 
tude. 
From the shear stress showed in Figure 4.2b, we can see both solutions provided fairly 
consistent results and Shen's results suggest that there is little different in terms of the 
interfacial shear stresses between the AC interface and PA interface. This conclusion 
can be used to validate the assumption adopted in deriving the present solution that 
the shear stress is constant along the thickness direction. 
By observing the dimensionless magnitude for both stress components, we can see 
that the peak normal stress can reach about 25 percent of the maximum tensile fibre 
stress in the concrete and the peak shear stress can reach about 10 percent. It is also 
accompanied with a simultaneous transverse normal stress. This highly complex stress 
field is believed to result in plate end cracks when the magnitude reaches certain level. 
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4.4 Conclusions 
In this chapter, a closed-form rigorous stress solution is proposed for a plated beam in 
the context of linear elasticity. The main advantages of these solutions are as follows: 
1. It provides highly accurate results compared with some other approximate so- 
lutions; 
2. The closed-form solutions enable the application of the simple spreadsheet 
package to calculate the numerical results; 
3. They are the first closed-form solutions that predict the compressive stress at 
the PA interface; 
4. They can be further exploited to develop a simplified version, so that the de- 
sign-oriented strength model can be proposed based on the compact stress so- 
lution; 
5. The float-point accuracy problem encountered in some other solutions can be 
avoided; 
6. They are versatile and can be used to analyze other composite structures such 
as strengthened cast iron beams. 
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CHAPTER 5. 
SIMPLIFIED SOLUTION FOR INTERFACIAL 
STRESSES 
5.1 Introduction 
In the preceding chapter, a closed-form rigorous solution has been proposed for the 
interfacial structural behaviour in a plated beam. The solution, although can be 
calculated using some spreadsheet packages, is still very complex and cannot be used 
conveniently in engineering practice. It is, therefore, imperative to revise the solution 
so that it is simple, practical and can still provide sufficient accuracy, compared with 
the original one. 
To this end, this chapter first studies the impact of applied loads on the interfacial 
stresses. It is found that the bending moments carried by the cross sections at the plate 
ends play a dominant role in generating stress concentration. The shear forces on the 
same cross sections have little to contribution towards the concentration, while their 
overall contribution to the shear stress distribution along the interface between con- 
crete and adhesive layer can be calculated on the basis of the classic laminated beam 
theory and that to the normal stress distribution can be neglected. On the basis of this 
finding, in the second step, we only include the end bending moment in the solution, 
and simplify the rigorous interfacial shear stress and normal stress by omitting some 
numerically small terms. Finally a simplified solution is proposed. By introducing the 
concept of transfer length, we can extend this simplified solution to an arbitrary load 
pattern. In the numerical example section, we compare the present simplified solution 
with the rigorous solution and other approximate solutions available in the literature. 
Due to their compact feature, the simplified solutions are more suitable for 
engineering applications using a portable calculator and to be possibly adopted as a 
design equation if suitably experiment data is compared and the solution is further 
calibrated. 
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5.2 The Impact of the End Bending Moment to the Interfacial 
Stresses 
Yang and Ye (2004) numerically validated the dominant load component that causes 
shear stress concentration is the internal bending moment carried by the beam at the 
end of the plate. To demonstrate that the end bending moment also dominates the 
normal stress concentration, a numerical example is studied. In this example, the sim- 
ply supported beam is bonded by a CFRP sheet and the corresponding parameters are 
as follows: 
L= 1500mm, I =1200mm, b(o) =b (2) = 200mm, hlll=4mm, h 121=2mm, h J31 = 
300mm, E, 111 = IOOGPa, EI'l =E 121 = 2GPa, Ei31 =E 131 =30GPa, GL'I =5GPa, xyxy XY 
vi'l = 0.35 and "I = 0.17. V; ý 
For a strengthened RC beam subjected to symmetric loadings [Figure 5.1 (a)], only 
the strengthened part is considered, the applied loads incur two groups of internal load 
at the cut-off cross sections, i. e. a pair of equal bending moments and shear forces 
respectively [Figure 5.1 (b)]. The equivalent form of the strengthened part is the 
combination of two fictitious beams with the same lengths as the strengthened part 
and subjected to, respectively, a pair of equal bending moment 
# 
_1 2 
)/2 [Figure 
5.1 (c)] and the UDL with load intensity q acting only in the strengthened part [Figure 
5.1 (d)]. It is noted that these two fictitious beams are fully bonded. These two beams 
and the original one are calculated using the closed-form rigorous solutions developed 
in Chapter 4. The calculated stresses are normalized by the maximum tensile concrete 
fiber stress in the original beam. The dimensionless results for the three cases are 
plotted in Figures 5.2. 
Figures 5.2a and 5.2b show the dimensionless shear stress in the adhesive layer and 
the normal stress at the AC interface, MA section, PA interface respectively. These 
stress distributions are for the original plated beam and regarded as the reference 
results. Figures 5.2c and 5.2d show the same stress distributions for Beam L Figures 
5.2e and 5.2f are for Beam II. In Figure 5.2e, the interfacial shear stress obtained by 
the classical laminate beam theory (CLBT) is also shown. 
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Fig. 5.1 Diagrammatic representation of the strengthened beam subjected to symmet- 
ric loadings 
From the figures, we can see that the UDL hardly introduce any stress concentration. 
The interfacial shear stress is almost coincident to the CLBT solution and the 
transverse normal stress at the plate end is negligible. In contrast, the bending moment 
induces significant increase in shear and normal stresses at the plate end. 
In light of the numerical results, the following observation can be obtained: 
1 The bending moment in the cross section at the plate end is the key cause of the 
stress concentration; 
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2 The transversely applied load and the corresponding internal shear forces play a 
negligible impact to the stress concentration. This contribution to the shear stresses 
can be computed on the basis of CLBT ; 
3 The interfacial stresses in a plated beam subjected to any symmetric load can be 
obtained approximately using the following steps: (a) calculate the internal bending 
moment carried by the cross sections at the plate ends and the resulting interfacial 
stresses; (b) calculate the interfacial shear stress using CLBT; (c) calculate the 
normal stress from (a) and the shear stress by adding the shear stresses from (a) to 
(b). 
In the next section, we will focus on the interfacial structural behavior for a plated 
beam subjected to a pair of symmetric bending moments. The related rigorous 
solutions will be re-investigated and the numerically small terms will be omitted so 
that a simple version of the solution will be proposed without losing much accuracy. 
5.3 Solution Simplification 
In the rigorous solutions present in Chapter 4, we let q=0 in all the corresponding 
equations to represents the case of the plated beam sub ected to end bending moment j 
only. Some terms in the solutions, which are numerically small in practical engineer- 
ing applications, can be omitted. 
5.3.1 Solution Simplification for Shear Stress 
Equation 4.10 can be rearranged as 
h"l Ih 
[21 1 (I 
2ho 101 -6+ 
ThFJ + -2 (5.1) 
Due to the fact that the thickness of both the plate and the adhesive layer are far 
smaller than the RC beam, i. e. the holhE3 can be deemed far greater than the unit, 
making the first term in the bracket of Equation 4.1 negligibly smaller than the other 
two terms. Hence it can be omitted and ý is then simplified as 
01 +h 
[2] 
(5.2) 
2 
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Taking into account the above simplification, we can further simplify the coefficients 
of SI, S2 and S3 of Equations 4.15a -c into 
S, =b 
4b-I (5.3a) F 31hil B+T h 
S2= bh 
[31 
-bh 
121 hIll (5.3b) 
15G [3) 
+ ý, G [21 + 
fGF 
B 
,yIG 
ýl --ýJ 
XY 
2 [21 2! y h lb FLhl'jl Wlh Lhý' q (5.3c) S3 - _jY-12] [8+4+6 I 
where B and b denote the width of the beam and bonded plate respectively. Note that 
B=b (3) and b= b(O) = 0) = b(2) in relation to the notations of Chapters 3 and 4. 
Representing y, and r2 in terms of S 1, S2 and S3 directly yields 
ri = ; r2 = (5.4a, b) 
By observing the Equation 43.23 in connection with 4.21d, shear stress c"I in Equa- XY 
tion 4.23 can be written as 
[21 
21 sinhy, xl -ýn III K[t 
hrrxl - sinh r2l 
(5.5) 
The coefficient K actually determines the peak value of o-I'l in the adhesive layer. XY 
Representing the hyperbolic functions in Equation 5.5 with the form of exponential 
ones, we obtain 
sinh y, x=ee 2yx _, 
=e Yý 
(-x) 1-e -2y, x 
ee Yl 
(x-) 
(5.6) 
sinh yll e 2y, 1 _, e 
2y, (1-x) 
- e-2y, x 
the second equation above is valid because e -2yx is close to zero for most x values in 
the domain. 
Thus, Equation 4.5 can be further simplified as 
K[eyi(x-4) - 
ey2('-') (5.7) 
Thus Equation 5.7 has only one unknown coefficient K that can be determined by 
equalizing the resultant of the shear stress over the PA interface to the sum of the lon- 
143 
Simplified Solution Chapter 5 
gitudinal tensile stress result acting on its cross section at the middle span of the 
bonded plate. The required tensile force can be easily computed from the classical 
laminated beam theory, using the similar procedure in Section 4.2.5. After some al- 
gebraic manipulation, K can be obtained as 
Mo 401 
'ý2, 
Mo 
#vy24hf'l (5.8) 
Io [e-""-l e-, "'-1]' 0 
(Y1-72) 
#V2 
in which e-y" approximately equals zero. Thus the shear stress becomes 
12) 
= 
ML 
e-e 
1'2("t-') (5.9) U;; 
0 
(yl 
- 72 
)11 
I'l, the interfacial shear stress approaches its Nullifying the first-order derivative of a;; 
peak value at (I-x*), where 
._ Inrl -Inr2 
71 -r2 
The substitution of Equation 5.10 into Equation 5.9 leads to 
YI 
[a [21 Lax ý-- -ýHo-yjhohl'l -L" 
) 
rl-y2 
XY 10 Y2 
The interfacial shear stress induced by the imposed transverse load q(x) along with its 
corresponding shear forces is obtained using the classic laminated beam theory 
(CLBT) as (Gere and Tirnoshenko, 1999) 
x 
0 q(x)dx uxy =- -hohE'l xy 10 
(5.12) 
For the sake of simplicity, its value at x =I - x* is computed approximately by intro- 
ducing x=I into Equation 4.12, i. e. 
10-, -, ]--f0, 
q(x)dx 
hohl'] xy max 10 
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Thus, the complete solution of the interfacial shear stress for the beam subjected to a 
combined action of end moment and transverse load is 
V2 [e 7, (X-l) -e 
Y2(X-1) 
+ Uxy = 
4h") 
Mo 
Yl# ]-f, "q(x)dx (5.14) 0-. y = U., ýY, io (Yl -72) 
1 
and the maximum shear stress is 
Aohlll 
Morl 
rl 
) 
YJ -r2 I 
[a, Lax 
10 Y2 
+ fo q(x)dx (5.15) 
where A denotes the internal bending moment carried by the cross sections at the 
plate end. 
5.3.2 Solution Simplification for Normal Stress 
We rewrite a' and P in tenns of S,, S, ' and S3' directly 
f- -'-, f 01 ; ß' = 
S2 
(5.16) 2S3' 2 S3' 
and i7l and 172 become 
F2 S 
41'S3' 
=-S 
2' 
S, 3 
171 and 172 s (5.17) 4 3' 
As sinhx and coshx are very close to e'/2 when x is greater than 2.5, it is sensible 
that we simplify all the hyperbolic functions into the exponential ones. As a result, the 
solution of normal stress in Equation 4.37 can be simplified as 
cyl'01 =K, sin '72(X-')eh(") +K2 COS '72(X-l)e"'(X-I) +Kler'(-") +KIeY2(X-I) (5.18) 
where 
)2ý 
h2l 
f K, = 2(t72 1+ 21 
+ 
ý22 
r 
f22 + 2(q2 
)2 ýJrR 
4a? 172S3' 4511146112 452 1 '52f 2 r 
K2 =I 
1- 
)2k 
h3l 
f 
h32 
-4[aF-, 6'+2(i7, 
)2 ý, R 4[a' 8'+2(17,1 + 21 + f22 32a'i7, S3' rr 81PI8112 82 21822 
K3 = 
2S3'81'181'2 
At 
K4 = 
'(y2Y 
r 
f22 
2S3'82', 452f2 
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f, = 6MOb[Fh[31 
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[21 ýo 
YE., ']B IO(h[l]YE., [, '] 
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where 8,1, and8202 take the similar forms of Eq. (4.38b-e). 
(5.19a-o) 
Sir 2 1 -= yj - 171 yj +a' (5.20a) 
JIP2 YI 2 +2qýrj +a' (5.20b) 
8r2 (5.20c) 2fl Y2- 17,72 +a' 
8F2+ 2t7, r2+ a' (5.20d) 2,2 Y2 
Note that the variables a', 8', v, , v2, i7l and q, used 
in this simplified solution 
must take should take their simplified forms defined in Equations 5.16,5.4 and 5.17, 
respectively. The interfacial normal stress on PA and AC interfaces are as follow: 
U'(I) = U[21 
hohl')h (2) YIY2 [yleyl(x-1) - Y2eY2(x-1)1 
YO - 210 
Imo 
(; yl - Y2 
)- q(x)l (5.2 1 a) 
(2 h hlIh 121 Y, y2[yleyl(")_ y2er2('-1)1 u)= cr 124-0- m q(x) (5.21b) y YO 2.1 0 (Yl - 72) 
1 
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The maximum values for the normal stresses which are obtained when x=I are: 
[ay"o' ] 
"'. = 
K2+K3+K4 (5.22a) 
(cr(l)).. 
= K2 + K3 + K4 - 
hýh"Ih (21 [MO7172 
- q(x)] 
(5.22b) 
y 210 
(2) ),,,. 
=K2+K3 +K4+ 
hohl'lh [21 IMOYIY2 
-q(x)] 
(5.22c) 
y 210 
5.3.3 The Simplified Solution for Arbitrary Loads 
From Section 5.3.2, we can see that there are two parts of calculation involved in 
seeking the stress distribution under the symmetric loadings. One of them is to 
calculate the interfacial shear stress using the classic laminate beam theory (CLBT), 
which is very straightforward and applicable to any loading patterns. The main 
challenge is to calculate the shear and normal stresses due to the end bending moment. 
Figures 5.2 c and d reveal that the stress concentration is virtually occuring in a local 
region near the plate ends, and the length of the region is only 20 percent of the half 
length of the bonded plate for the shear stress and 2 percent for the normal stress. In 
this region, the bonded plate is developing the stress transferred by the adhesive up to 
its full composite commission, so we call this region a transition zone. Beyond the 
transition zone, the full composite action takes place among the three material phases, 
in which CLBT is applicable. The length of the transition zone is called development 
length, and it is defined as the distance from the end of the plate to the point where 
full composite action occurs (Nguyen et al. 2001 ). Brosens and Gernert (1998) 
defined the development length as the length needed to attain 97% of the maximum 
force. Based on this definition together with Equation 5.9, we can calculate the 
development length l'using the following procedures 
aEY21(x)d x=0.97EP (5.21) 
where ZP is the stress results in a cross section of the bonded plate under the end 
bending moment Mo. Hence 
ln(r, )-In(r, -r, )+3.55 (5.22) 
r2 
In practical engineering, the bonded plate is always long enough to develop the full 
stress, that is, the bonded length I> 21'. 
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The concept of development length also provides a tool to extend the present simpli- 
fied solution to those beams subjected to an arbitrary loading. We can use the conclu- 
sion, that the end bending moment only affect the interfacial stress within the devel- 
opment length. So the solution of Eqautions 5.9 and 5.18 can be utilized to calculate 
the stress solutions within the development length associated with any plate end pro- 
vided that the cross section at the plate end experiences a bending moment Mo. As a 
result, the interfacial stresses for a plated beam subjected to an arbitrary loading can 
be achieved in two steps: 
1 Calculate the interfacial shear stress using the CLBT; 
2 Find the development length of the given beam configuration; 
3 Calculate the bending moment in the cross sections at both plate ends; 
4 Calculate the interfacial shear and normal stresses using Equation 5.9 and 5.18 for 
the transition zones at both ends using the bending moment from (3); 
5 The final interfacial normal stresses in the two transition zones are from (4) and 
zero for the other regions; 
6 The final interfacial shear stresses in the two transition zones are those from (4) 
superposed by those from (1) and in the other regions is from (1) only. 
5.4 Verification Examples and Applicability Study 
The verification examples in Section 4.3.3 of Chapter 4 are used here to verify the 
simplified solutions by comparing them with the rigorous solutions and/or the other 
approaches. Figures 5.3 show the stress distributions for the first verification example, 
i. e. the steel plated beam, in which both the simplified solution, rigorous solutions, 
and an approximate solution from Smith and Teng (2001) are displayed for compari- 
son. In Figure 5.3 (a), which shows the normal stresses in the AC interface, MA sec- 
tion and PA interface, we can observe that Smith and Teng's solution predicts much 
lower normal stress that is close to that for the MA section predicated by the present 
solutions. The simplified solution predicts slightly lower normal stress, more signifi- 
cant in the AC interface. However, the discrepancy between the rigorous and the sim- 
plified one is very limited, say, below 10% for the peak value. 
Figure 5.3 (b) plots the shear stress. Only a single value has been developed as both 
the present and the approximate solution assume a constant distribution of shear stress 
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in the adhesive layer. Smith and Teng (2001)'s approximate solution predicts the 
shear stress in a monotonic trend in contrast to the present solution achieving a zero- 
valued shear stress at the plate end. As a result, the present solution yields a much 
lower peak stress. Like the normal stress, both rigorous and simplified solution show a 
very good agreement. 
The stress distribution for the second example are plotted in Figures 5.4, where three 
groups of results are compared, i. e. Shen et al. 's (2001) high-order solution, present 
rigorous and simplified ones. The same dimensionless form is used as that in Section 
4.3.3 of Chapter 4. For the simplified solution, only the stress in the AC interface is 
plotted. From the figures, we can see that in general the shear stresses from the stress 
solution are very closed (see Figures 5.4b). There is a clear discrepancy for the inter- 
facial normal stresses (see Figures 5.4a) between Shen et al. 's and present results. 
That is due to the applied assumption with regards to the relationship between the in- 
terfacial shear and normal stress in Shen et al. 's solution. Another encouraging obser- 
vation is that the predictions based on the rigorous and the simplified solutions are 
very close, which again provides verification of the present simplified solution. 
As an additional verification example, we re-visit the example in Section 3.5.5 in 
Chapter 3, where its results was achieved using the approach of superposition. In Fig- 
ures 5.5, The present simplified solution is compared with Smith and Teng (2001) and 
Yang et al. (2004). 
Selected distributions for both normal and shear stresses are plotted in the figures. In 
Figure 5.5(a), two stress distributions are presented, in the AC interface and the MA 
section. The norinal stress in the AC interfaces is predicted by present simplified solu- 
tion and Yang et al's (2004) solution. Clearly, Yang et al. 's solution leads to a much 
higher peak stress value as it always does. Quantitively, the former is more than twice 
the later. The stress in the MA section is given by the present simplified solution, and 
in the figure this curve is actually very close to the results predicted by Smith and 
Teng. It is reasonable, because Smith and Teng (2001) assumed that the normal stress 
remains constant along the whole adhesive layer, which imposes an average stress dis- 
tribution along the thickness direction. 
149 
Simplified Solution Chapter 5 
In Figures 5.5(b), the three curves are, respectively, related to the present simplified 
solution, Yang et al's (2000) solution and Smith and Teng's (2002) approximate solu- 
tion. As Yang et al. pointed out that the shear stress along the AC interface and PA in- 
terface is very close, only one of them is plotted in the figures. The large figure in 
Figures 5.5 (b) focuses on the details at both ends and the small one in the upper right 
area gives the overall distribution. Again, Smith and Teng predicted a higher peak 
shear stress. Yang et al. and present simplified results are rather close; they provide 
comparable peak stresses. However, the present simplified solution leads to a peak 
position closer to the plate end. 
As seen in the derivation of the simplified solution, we neglected the stress concentra- 
tion due to the transverse load. To investigate the applicability of this assumption, we 
compare the results between the rigorous and simplified solution for three different ra- 
tios of the plate end bending moment and plate end shear force (see Table 5.1). This is 
implemented by changing the length of the bonded plate for a given beam. We use the 
same geometrical and material properties as those used in Section 5.2 except the half- 
span of bonded plate 1, which are now designed as 800mm, 1000mm and 1200mm re- 
spectively. This leads to three different ratios of the internal bending moment to the 
internal shear force at the plate end and the data are summarized in Table 5.1. It is 
noted that for the three-point bending and four-point bending, the ratio of bending 
moment to the shear force at the plate end is, in fact, the length between the support 
and the adjacent plate end. 
Table 5.1 Various ratios of bending moments to the shear forces 
Case I Case Il Case III 
1 (MM) 800 1000 1200 
Mi/ QI (MM) 1006 625 338 
Figure 5.6 show the normal and shear stress distributions for the above three cases. 
The same dimensionless parameters are used as those in Figure 5.2, i. e. the stresses 
are normalized by the maximum stress in the concrete that is the same for all three 
cases. 
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From Figure 5.6 (a), we can see that the smaller the ratio is, the larger the discrepancy 
between the two solutions emerges. This is attributed to the fact that when the end 
shear force or the transverse load is relatively greater, their contribution to the stress 
concentration is more profound. However, the largest relative discrepancy is within 
5%, which suggests that the simplified solution may be used for any bonded ration. 
Figures 5.6(b) further suggests that the simplified solution provides a satisfactory 
approximation to the rigorous one. 
5.5 Conclusions 
Based on the rigorous solution developed in Chapter 4, a simplified version has been 
proposed by omitting the numerically small terms. Due to the simplicity, the solution 
can be computed using a portable calculator, which is more practical in industrial 
practice. Comparing with other methods as well as the rigorous solution, this solution 
shows high accuracy. The wide applicability demonstrated by the example suggests 
that the solution can be applied for most bonded ratio. Furthermore, by introducing 
the concept of the development length, this method can be extended to analyse beams 
subjected to arbitrary loading pattern. Thus, the present study provides a potentially 
useful solution that can be further exploited to investigate the problem of end debond- 
ing and conduct Parametric studies with highly reduced computational efforts. 
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CHAPTER 6. 
NONLINEAR FINITE ELEMENT ANALYSIS 
6.1 Introduction 
Structural behaviour of concrete elements has been extensively investigated since 
concrete materials came into use. Most of the investigations have been carried out 
through experiments, particularly in the early time. Nowadays, thanks to the inven- 
tions of the powerful computing station and personal computers, the finite element 
analysis (FEA) has provided a very useful alternative approach. 
However, modelling the complex behaviour of reinforced concrete that is nonho- 
mogeneous and anisotropic, is a difficult challenge in the applications of FEA for civil 
engineering structures. Most early finite element models of reinforced concrete used 
the discrete crack approach, which included the effects of cracking based on either a 
pre-defined crack pattern or strength-determined crack occurrence (Ngo and Scordelis 
1997; Nilson 1968; Yang 2003). With this approach, changes in the topology of the 
models were required as the load increased. Therefore, the effectiveness and efficien- 
cies of the analysis were limited. 
A smeared cracking approach was introduced using isoparametric formulations to rep- 
resent a cracked concrete as an orthotropic material (Rashid 1968). In the smeared 
cracking approach, cracking of the concrete occurs when certain criteria are met. The 
elastic modulus of the material is then assumed to be zero in the direction parallel to 
the principal tensile stress direction or gradually reduced to zero if the effect of ten- 
sion stiffening is considered (Suidan and Schnobrich, 1973; Rahimi and Hutchinson, 
2001). Because of its simplicity, the smeared crack approach has been widely used 
and is available in many general purpose commercial FEA package (e. g. ABAQUS, 
ANSYS) despite its inherent disadvantages such as mesh sensitivity. It will also en- 
counter convergence difficulty due to the local instability when part of the concrete 
crushes or cracks and hence the simulation fails to obtain the ultimate load. 
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Due to the nature of feasibility, FEA is also used to verify the laboratory investigation 
(Arduini, et al. 1997, Tedesco, el al. 1999). Some modem FEA packages such as 
ABAQUS, can simulate the complicated material properties of the concrete, from pre- 
failure to post-failure, and various failure mechanisms, from ductile to brittle. 
In this chapter, numeral analyses are carried out and comparisons with experimental 
cases reported in existing publications (Fanning and Kelley, 2001) are made. The 
tested beams include a virgin RC beam and some RC beams strengthened by CFRP 
sheets. The geometrical dimensions are shown in Figure 6.1. The length of the beam 
is 3000 mm; it has a rectangular cross section with 155mm in width and 240mm in 
height. Three l2mm diameter high yield steel bars with an effective depth of 203mm 
are included for the tensile reinforcement and two 12mm diameter bars at a depth of 
37mm were specified in the compression zone. Shear links are provided by 6mm mild 
steel bars at 125mm centre to centre. Two of the beams are strengthened by CFRP 
composite plates bonded to its soffit with a two-part epoxy resin adhesive. The geo- 
metrical dimensions are: 2050 min and 1700min in length, 120min in width and 
1.2mm in thickness. The thickness of the adhesive layer is 3mm. 
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6.2 Element Type 
6.2.1 Concrete, Adhesive Layer and Bonded Sheet 
A 4-node bilinear isoparametric plane stress element CPS4 (Figures 6.2 a and b) is 
used to model the concrete, adhesive layer and bonded sheet. Like CPS8, each node 
has two active degrees of freedom, i. e. u, and uy. Full integration schemes are numeri- 
cally implemented, and the integration points are showed in Figure 6.2 b. The SOLID 
SECTION option is used to define the properties of the section including geometrical 
dimension in the thickness direction and material properties. 
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6.2.2 Reinforcement 
A 2-D stress/displacement truss element T2D2 is used to model the ten- 
sile/compressive rebars and shear links which are assumed to deform only in the di- 
rections of either axial extension or shortening. They are rigidly jointed at their nodes 
and only the translation displacements, i. e. q, and uy, at each node are considered. 
The SOLID SECTION option is used to define the cross-sectional area of the ele- 
ments and the MATERIAL option is used to define their materials properties. 
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6.3 Materials 
6.3.1 Concrete 
6.3.1.1 The Characteristics of Uniaxial Stress -Strain 
Development of a model for the behaviour of concrete is a challenging task. Concrete 
is a quasi-brittle material and has different properties in compression and tension. The 
uniaxial tensile strength of concrete is typically 8-15% of the compressive strength 
(Shah el al. 1995). Figure 6.3 (a) shows a typical uniaxial stress-strain curve for nor- 
mal weight concrete (Bangash 1989). As we can see from the curve, in compression, 
the stress-strain curve for concrete is linearly elastic up to about 30 percent of the 
maximum compressive strength. Above this point, the stress increases nonlinearly up 
to the maximum compressive strength. After it reaches the maximum compressive 
strength f,, the curve descends into a softening region, and eventually crushing fail- 
ure occurs at an ultimate strain In tension, the stress-strain curve for concrete is 
approximately linear elastic up to the maximum tensile strength. After this point, the 
concrete cracks and the strength decreases gradually to zero. 
6.3.1.2 Cracking and Cracking Behavior Modeling 
In this study, the concrete is assumed to be an isotropic material prior to cracking. The 
smeared crack model is used which does not track individual "macrocracks". Consti- 
tutive calculation is performed independently at each integration point of the FE 
model. The presence of cracks enters into the calculations in which the cracks affect 
the stress and material stiffness associated with the integration points. 
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Cracking is assumed to occur when the stress reaches a failure surface that is called 
the "crack detection surface" (see Figure 6.4). This failure surface is a linear relation- 
ship between the equivalent pressure stress, p and the Mises equivalent deviatoric 
stress, q. When a crack is detected, its orientation is stored for subsequent calcula- 
tions. Further cracking at the same point is restricted to being orthogonal to this direc- 
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tion since the stress components associated with an open crack are not included in the 
direction of the failure surface used for detecting the additional cracks. There are three 
methods determining the crack directions in general, i. e. fixed orthogonal cracks, ro- 
tating crack, and fixed multidirectional cracks. ABAQUS uses the fixed orthogonal 
direction for the cracks. This model will result in some unrealistic results as shown in 
the following discussion. It also allows the orthogonal crack model to be used with the 
option to consider shear retention by modifying the shear modulus in the presence of 
the cracks either in open or closed status. The ABAQUS model defines the total shear 
stress in relation with the total shear strain, whereas the traditional shear retention 
model defines the shear stress-strain relationship by incremental form. In this way, it 
is possible to achieve a shear retention model which will tent to zero shear stress when 
crack opening occurs. In the state of closed crack, the shear stiffness is degraded as 
well. The shear retention feature can be implemented by the option SHEAR RETEN- 
TION following by CONCRETE in the concrete material data block. Therefore, the 
orthogonal cracks are allowed with the shear retention model. These cracks are iffe- 
coverable and they will remain either open or closed for the rest of the calculations. 
No more than two cracks can occur at any point for plane problems. Following crack 
detection, a damaged elasticity model is used to take into account the effect of the 
cracks. 
6.3.1.3 Tensile Behavior 
Concrete in tension is considered as a linear-elastic material until the uniaxial tensile 
strength, fl,, at which concrete cracks and the softening behaviour follows. A linear 
softening model is used to present the post-failure behaviour in tension. The post- 
failure behaviour for direct straining across cracks is modelled with a TENSION 
STIFFENING option, which allows definition of the strain-softening behaviour for 
cracked concrete. ABAQUS offers two methods to model the tensile post-failure be- 
haviour, i. e. a postfailure stress-strain relation or a fracture energy cracking criterion 
(ABAQUS 2000). As the former may introduce unreasonable mesh sensitivity into the 
results (Crisfield, 1986), the later is utilised in this study, in which the Hilleborg's 
(1976) proposal is adopted. It can be implemented by defining a displacement uo at 
which a linear approximation to the postfailure strain softening gives zero using 
stress-displacement relationship. This can be done by using the 
TYPE=DISPLACEMENT parameter on the TENSION STIFFENING option. 
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6.3.1.4 Compressive Behavior 
Concrete in compression is considered to be a linear-elastic, plastic and strain- 
hardening material. When the principal stress components are dominantly compres- 
sive, the response of concrete is modelled by an elastic-plastic theory using a simple 
form of yield and failure surface written in terms of the equivalent pressure stress, p, 
and the Mises equivalent deviatoric stress, q (see Figure 6.4) by the adoption of the 
three-parameter model (William and Warnke 1975). Associated flow and isotropic 
hardening will be used in concrete modelling. The CONCRETE option is used to de- 
fine the stress-strain behaviour of plain concrete in uniaxial compression outside the 
elastic range. Compressive stress data can be provided as a tabular function of plastic 
strain. The stress-strain curve can be defined beyond the ultimate stress, into the 
strain-softening regime. 
6.3.1.5 Shear Retention 
The decrease of shear transfer capability across an existing crack is taken into account 
by introducing a factor p, a function of tensile strain across the crack. The shear re- 
tention model assumes that the stiffness of open cracks reduces linearly to zero as the 
cracking opening increases. The factor is defined as unit when the opening strain over 
the crack band is zero and as zero when it reaches the maximum value, C.. and in 
between them, the linear variation takes place. Beyond the maximum value, the p 
factor keeps zero valued and for negative strains, a constant p,,,,, is defined. 
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6.3.2 Steel Reinforcement and Steel Plate 
The rebars, shear links and other structural steel components, are modelled as an elas- 
tic-perfectly plastic material in both tension and compression. The assumed uniaxial 
stress-strain curve is shown in Figure 6.3b. The value of Young's modulus is taken as 
205 GPa as the standard one. 
6.3.3 FRP Composite 
FRP composites are materials that consist of two constituents. The constituents are 
combined at a macroscopic level and are not soluble in each other. One constituent is 
the reinforcement, which is embedded in the second constituent, a continuous polymer 
called the matrix. The reinforcing materials is in the form of fibers, e. g. carbon or 
glass, which are typically stiffer and stronger than the matrix. Figure 6.7 shows a 
schematic FRP composites. As shown in the figure, the unidirectional lamina has 
three mutually orthogonal planes of material properties, i. e. xy, xz and yz planes. The 
xyz coordinate axes are refereed to as the principal material coordinates where the x 
direction is the same as the fiber direction and the y and z directions are perpendicular 
to the x direction. It is a so-called orthotropic materials (Gibson 1994). In this analy- 
sis, a ftirther simplified assumption is made, i. e. the bonded sheet is regarded as trans- 
versely isotropic where the properties of the FRP composites are nearly the same in 
any direction perpendicular to the fibres, i. e. the properties in the y direction are the 
same as those in the z direction. For the plane stress analysis, only 4 material parame- 
ters are needed in the FEA input, i. e. El, E2, V 12 and G12, which denote, respectively, 
the Young's modulus in the direction of fibre, Young's modulus in the transverse di- 
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rection of fibre, Poisson's ratio in the x-y plane and shear modulus in the x-y plane. 
The ELASTIC option including the parameter of TYPE = LAMINA is used to define 
the material properties of FRP composites for the plane stress problem. It is noted that 
the limiting case, when Ej= E2 , is for isotropic materials. 
I. 
_ (a) fibre (b) Polymer 
A 
(c) Unidirectional lamina 
Fig. 6.7 The illustration of the composite material (Kachlakev et al. 2001) 
6.3.4 The Input for the Modelling 
In this example, the concrete cylinder compressive strength f, '= 20MPa and the 
Young's modulus E= 21.5 MPa. The uniaxial compressive stress-strain curve is as- 
sumed to be linear up to 0.3 f, '. Beyond this point, it is represented by using the equa- 
tion proposed by Desayi and Krishnan (1964). 
Ec 
so 
it yields 
Co= 
' 
(6.2) 
The ultimate compressive strain e,,. is taken as 0.0035. 
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The ratio of the ultimate biaxial compressive stress to the uniaxial compressive ulti- 
mate stress is defined as 1.16 and the absolute value of the ratio of uniaxial tensile 
stress at failure to uniaxial compressive stress at failure is set as 0.1. The other data 
are taken as the default values of ABAQUS. 
The displacement uO, at which the concrete material completely loses its tensile stress, 
varies at different positions, e. g. 
(1) in the cover layer where relatively smaller aggregates are located, a small 
value 0.035 is defined; 
(2) in the core concrete material, it is set as 0.04. 
(3) in the concrete close to the rebars or shear links, the stiffening effect is more 
pronounced in the presence of steel reinforcement, and hence a larger value of 
0.06 is set. 
The reduction factor for the shear modulus when the cracks close is set as 0.95 and the 
maximum opening strain when the zero shear modulus commences is defined as 0.01. 
The summery of other material parameters are tabulated in Table 6.1. 
Table 6.1 Material properties 
Young's Shear Tensile Compressive Yield 
Poisson's 
Material moduli moduli strength strength Strength 
ratio (GPa) (GPa) (GPa) (GPa) (GPa) 
Concrete 21.5 0.17 2 20 
High yield 
210 0.3 460 
steel 
Mild steel 210 0.3 250 
Adhesive 11.6 0.3 
155 (Long. ) 0.3 
CFRP 4.78 
10 (Trans. ) (Major) 
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6.4 Meshing 
This ex=ple can be analysed as a 2-D plane stress problem due to the fact that the 
stress variation along the width direction is not significant. Like the LEFM analysis, 
in this study only half of the structure is modelled due to symmetry. Input file is com- 
piled to define nodes and elements of the concrete, the adhesive layer and the FRP 
sheet for both the virgin RC beam and the strengthened RC beam. Two different ele- 
ment types are adopted in this modelling. The interface connections between various 
material phases are defined as perfect bond, i. e. there is no slippage assumed in the 
modelling. The bond and slippage interaction between the concrete and rebars is in- 
cluded in the tension stiffening effect of the concrete material as introduced in the ma- 
terial section. The interfacial interaction between the FRP and concrete is believed to 
be presented by the adhesive layer, as the relative compliance of the adhesive material 
is adequate to absorb the interfacial relative displacement in its own deformation. 
An important step in FEA is to mesh the model appropriately. Convergent results are 
obtained when an adequate number of elements is used in a model. This is practically 
observed when an increase in the mesh density has a negligible effect on the results. 
(Adams and Askenazi 1998). However, it is worth noting that, unlike the elastic mate- 
rial, concrete material shows different requirements to the mesh refines, that is, the 
excessively refined mesh will lead to the convergence failure in the equation iteration 
and it would prevent the analysis continuing before it reaches the failure loads. More- 
over, the heterogeneous feature of concrete in the micro scale normally requires that 
the size of the minimum element should be at least larger than that of the course ag- 
gregate. Consequently, the experiment data is usually a good index to determine the 
appropriate element size in the nonlinear FEA analyses for concrete structures. 
Figure 6.8 and 6.9 show three schemes of meshing for the virgin RC model and the 
strengthened RC model. Table 6.2 lists the number of element for each meshing 
scheme. 
Table 6.2 Number of elements in various meshing scheme 
Case I Case II Case III 
Reinforced beam 452 
Strengthened beam 842 
872 766 
942 1056 
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(b) Case 11 (number of elements = 872) 
(c) Case 11 (number of elements = 766) 
Fig. 6.8 Mesh schemes for the virgin reinforced concrete model 
Chapter 6 
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(a) Case I (number of elements = 452) 
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(a) Case I (number of elements = 842) 
(b) Case 11 (number of elements = 942) 
(c) Case III (number of elements = 1056) 
Fig. 6.9 Mesh schemes for the strengthened reinforced concrete model 
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6.5 Loading and Boundary Conditions 
Consider the beams in Figure 6.1carrying two symmetrical point loads. In order to 
eliminate the stress concentration at the load point, which is not of interest in this 
analysis, a uniformly distributed local load (pressure) was applied to the sides of the 
two adjoining elements, with its central point coincide with the point load location. 
This model is a practical approximation to either engineering practice or lab test, 
where point loads are applied through a bearing roller, which always has limited con- 
nect area at the loading points. Similarly, a small support plate with elastic materials 
is added at the support location in order to avoid stress concentration (see Figures 6.8 
and 6.9). This provides a more even stress distribution over the support area. A point 
support is placed under the plate allowing rotation of the plate. Excessive cracking of 
the concrete elements above the supporting plate was found to develop if rotation of 
the plate was not permitted. Along the central line, the symmetric boundary condition 
is applied. 
nt 
Fig. 6.10 the Newton Iteration solution (2 load increment) 
6.6 Nonlinear Analysis Procedures 
In nonlinear analysis, the total load applied to a finite element model is divided into a 
series of load increments called load steps. At the completion of each incremental so- 
lution, the stiffness matrix of the model is adjusted to reflect the nonlinear changes in 
structural stiffness before proceeding to the next load increment. In ABAQUS, the 
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Newton method is used and successive iterations are followed to determine an accept 
solution for each time increment. (ABAQUS manual 2000) The Newton equilibrium 
iterations provide convergence at the end of each load increment within tolerance lim- 
its. Figure 6.10 shows the use of the Newton method in a single degree of freedom 
nonlinear analysis. Prior to each solution, the Newton method assesses the out-of- 
balance load vector, which is the difference between the restoring forces (the loads 
corresponding to the element stresses) and the applied loads. Subsequently, the pro- 
gram carries out a linear solution, using the out-of-balance loads, and checks for con- 
vergence. If convergence criteria are not satisfied, the out-of-balance load vector is re- 
evaluated, the stiffness matrix is updated and a new solution attained. The iterative 
procedure continues until the problem converges. 
In this study, the convergence criteria is set to the displacement, which is defined as 
the ratio of the largest residual to the corresponding average displacement norm. 
Herein, the tolerance limits 2% is used for both modelling. 
As the concrete material may crack or crush, this will cause the structure to lose their 
stiffness locally and that part of the structure must release some strain energy to re- 
main in equilibrium. In the event of this unstable point, the iteration may become di- 
vergent and the modelling fails to approach the ultimate loads or close to the ultimate 
loads. Some techniques can help to solve this problem, such as, using the displace- 
ment control, or using the dashpots to stabilize the structure during a static analysis. 
One of the efficient methods, called 'modified Riks method' was used in this study. 
This method uses the load magnitude as an additional unknown and solves simultane- 
ously for loads and displacements. Therefore, another quantity, 'arc length' was used 
to measure the progess of the solution (ABAQUS manual 2000). 
Other techniques to accelerate the convergence include: (a) set the appropriate dis- 
placement value as the convergence criteria; (b) use the ANALY- 
SIS=DISCONTINUOUS parameter on the CONTROLS option to avoid premature 
cutbacks of the time increment; (c) activate the 'line search' algorithm to scale down 
the solution correction in each iteration. 
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6.7 Results from the Finite Element Analysis 
Figure 6.11 shows load-deflection plot of the reinforced beam using the aforemen- 
tioned three meshing patterns. It reveals that there are characteristic points along each 
of the loading path curve, which divides the curve into three stages, that is, zero load- 
ing to initial concrete cracking, initial concrete cracking to the reinforcement yielding, 
the reinforcement yielding to numerous cracking emerging and then ultimate failure. 
From Figure 6.11, we can see generally a quite good agreement between the FEA and 
the experimental results from Fanning and Kelly (2000). The FEA results give a 
slightly higher first-cracking load and the reinforcement yield load than the experi- 
ment does, but slightly lower ultimate loads. The most pronounced difference is the 
deflection at the ultimate state. The FEA results are only about half of the experiment 
results. That can be attributed to the numerous cracks results in premature termination 
of the calculation. Some other information exhibited by the plot is that all the three 
meshing patterns give almost identical load-deflection curves before the yielding 
points. Case I give rather higher ultimate loads but smaller deflection. Case I and Case 
II show very similar results, while Case III has slightly larger deflection. This discrep- 
ancy is attributed to the fact that over-refined meshing results in a large amount of 
cracks and hence brings in severe convergence difficulty and eventually terminates 
the analysis. Mesh III is deemed as the most efficient meshing scheme and most of the 
following results are present only for this scheme. 
Figure 6.12 shows the load-strain plot for the tensile and compressive reinforcements 
in all three cases. From this figure, we can see that Case I attains the largest strain un- 
der the same load before the curves are levelled out. Case II and Case III offer very 
coincident results. Apart from these, we can observe that the occurrence of yielding of 
the tensile rebar does not result in an abrupt change of the slope in the load-deflection 
curve immediately. The accelerated global deflection commences when the yielding 
of the tensile rebar has developed farther. 
Figure 6.13 shows the load stress plot for the concrete at the top and bottom fibres at 
the midspan of the beam. The impact of the mesh pattern on the concrete stress is very 
similar to that on the rebar. We also can see that the bottom concrete starts to crack 
under the applied load of I OKN, which is the first slope changing point of the global 
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load-deflection curves. After the concrete cracks, its stress starts to reduce, rather 
slowly first, and then dramatically rapid when a certain part of the tensile reinforce- 
ment start to yield. Meanwhile the width of the cracks starts to increase quickly. It is 
noted that when the damaged mechanics theory is used to model the post-cracking be- 
haviour of the concrete, the tensile strain of the concrete is virtually obtained by divid- 
ing the fictitious concrete cracks by the characteristics length, the length allocated to 
each calculated integration point. This explains the observation of mesh sensitivity of 
the tensile stress after cracking. The compressive stress of the concrete at the top of 
the beam is increased gradually until reaching its compressive strength. 
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Fig. 6.11 Loads against deflections for various meshing patterns 
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Fig. 6.12 Load-strain plot for tensile and compressive reinforcement at midspan 
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Fig. 6.13 Load-stress plot for the concrete top and bottom fibres at the middle span 
Figures 6.14,6.15 and 6.16 show the longitudinal and maximum principle stress con- 
tour plots of the RC beam at P= 8KN, when the initial cracking occurs, and at P= 
62KN when numerous cracks have not developed and at P= 66KN when the loading 
is approaching the ultimate loading and the extensive cracks occur along the whole 
beam. Figures 6.14 and 6.15 show the stress distributions that can be interpreted using 
the classic beam theory. Figure 6.16 shows the stress distribution of the beam with 
massive cracks from which we can easily see the softening zones due to the mi- 
cro/macro cracks. 
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Fig. 6.14 Stress contour plots of the reinforced beam at P= 8KN 
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Fig. 6.15 Stress contour plots of the reinforced bearn at P= 62KN 
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Fig. 6.16 Stress contour plots of the reinforced beam at P= 66KN 
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6.8 Results Interpretation for the Strengthened RC Beam I 
The first strengthened RC beam is bonded by a CFRP plate of length 2050mm. We 
denote this beam as strengthened Beam I. Figure 6.17 shows its load-deflection plot, 
in which the results from the three mesh patterns are compared with the experiment 
results (Beam B5 and 136) by Fanning and Kelly (2000). It reveals that the third mesh 
patter provided best agreement. The load value at reinforcement yielding from present 
analysis is 81.5KN while the experimental values are 85.6KN. The ultimate load ob- 
tained by this analysis is lOlKN while the experimental ones are lOOKN and 103KN 
respectively. 
The strains in the tensile reinforcement and the compressive reinforcement at mid- 
span are plotted in Figure 6.18. The top horizontal axis in the figure indicates the 
compressive strain from the compressive reinforcements and the bottom axis is for the 
tensile strain in the tensile reinforcements. It can be seen from the plot that the tensile 
strain in the rebars is clearly featured by four segments, that is, 
(a) from zero loading to the first crack occurrence, the strain is proportional to the 
applied load; 
(b) from the first crack occurrence to the steel yielding, a reduced slope of the 
curves occurs, due to the partial loss of the global stiffness as the consequence 
of the crack; 
(c) from the steel yielding to the numerous cracks maturely developed, the strain 
keeps increasing while the load is almost constant; 
(d) from the numerous cracks to the ultimate failure, the neutral axis shifts up and 
both the applied load and the strain keep increasing. 
The compressive strain in the top reinforcement behaves differently. They are short- 
ened by the surrounding concrete under compression. It increases proportionally up to 
the yielding point, after which the strain starts to increase with a higher rate. 
The CFRP plate strain and the concrete top fibre strain at the mid-span are plotted in 
Figure 6.19. It can be seen that both strains show quite similar characteristics except 
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that the CFRP plate strain is affected more significantly by the first crack occurrence 
than is the concrete strain. 
In the figure, the results from the other two cases are plotted for comparisons. It is ob- 
vious that the third meshing scheme yields the best results. 
Figure 6.20 shows the load- CFRP strain plot at three different locations near the plate 
end. In the figure, L, denotes the distance between the recorded position and the plate 
end. The strain plotted in the figure is for Le = 5mm, 15mm and 35mm, respectively. 
It can be observed that the strain for the outermost position is small, and tends to re- 
duce to zero when the load is approaching the ultimate value. It is the debonding 
cracks that releases the strain near the plate end. Position 2 shows a similar trend but 
is less profound. The strain in position 3 has very similar characteristics to the mid- 
span one, except that it is less affected by the yielding of the rebars, as the reinforce- 
ment near the position has yet yielded. 
Figure 6.21 (a) shows the longitudinal normal stresses experienced by the concrete 
near the AC interface at Le = 1.25mm, 3.75mm 6.25mm and 8.75mm respectively. It 
shows that the concrete at the plate end starts to crack in the vertical direction when 
the applied load is about 16KN and after that the longitudinal stress is gradually re- 
duced at different degrees. 
Figure 6.21 (b) shows the shear stress in these four positions, where we can see that 
the shear stress is less affected by the occurrence of end vertical cracks. However, it is 
affected by the horizontal cracks. The occurrence of the horizontal cracks near the 
plate end can be seen in Figure 6.21 (c). The transverse normal stress shown in Figure 
6.21(c) reveals that they are not significantly affected by the vertical cracks. When 
they are increased to a certain level, horizontal cracks are initiated from the outmost 
position. This is reflected in the plot by the instantaneous drop of the transverse nor- 
mal stress, at p= 50KN when Le =1.25mm. This also affects the shear stress due to 
the effect of shear retention. The horizontal crack extends to Le=3.75mm at P=70KN. 
The other two positions have hardly experienced any transverse normal stress until the 
horizontal cracks extends to the second position. Figure 6.21(d) shows the principal 
stresses at the same positions. When the load is below 16KN, all the principle stresses 
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are almost proportional to the applied load and after the first vertical crack occurrence 
at Le = 1.25 mm, the stresses at points 2,3 and 4 start to increase, while the stress at 
point I keeps rising and oddly exceeds the tensile strength. This is the consequence of 
the material model used by ABAQUS, which can only detect the cracks in the or- 
thogonal direction. Imagine the first crack is in the vertical direction exactly, then the 
model can only detect the horizontal direction when the transverse normal stress ar- 
rives at the tensile strength, even though stresses in other directions may be bigger. 
That is why the calculated maximum principle stress may exceed the tensile strength. 
Once the horizontal crack is detected, the principal stress level is dropped immedi- 
ately. 
Figures 6.22 a, b, c, d show the corresponding longitudinal normal strain, shear strain, 
transverse normal strain and maximum principle strain. In Figure 6.22 (a), the first 
two positions experience an identical axial strain and so do the other two. This is 
caused by the linear interpolation of the degrees of freedom in the elements between 
the adjacent nodes, and the fact that axial strain is the gradient of the horizontal dis- 
placement with regards to the position. Unlike the stress, the longitudinal strain in- 
creases monotonically. A quite similar trend can be observed for the shear stress in 
Figure 6.22 (b) except for the first position, which shows a slight resilience at the 
large applied load. Figure 6.22 (c) shows the transverse normal strain. Under the ap- 
plied small load, strains at all four positions show small negative values, which is re- 
lated to the Poisson's effect of plane problem. Transverse normal strain is reduced 
very quickly along the AC interface towards mid-span of the beam. 
Figure 6.23 shows the transverse normal stress under increased applied loads at the in- 
terfaces and two other horizontal sections in the adhesive layers respectively. The two 
horizontal sections equally divide the thickness of the adhesive layer into Imm each. 
By observing these curves, we can find the following: 
(1) Tensile normal stress is developed in the AC interface and compressive nor- 
mal stress is at the PA interface. In between them, the stress is gradually trans- 
formed from tension to compression; 
(2) With the increase of the applied load, the tensile stress ratio, which can be in- 
dicated by the ratio of peak stress to the applied load, is reduced from 0.036 
MPa/KN to 0.023 MPa/KN. The compressive stress ratio is increased from 0 
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to 0.013 MPa/KN. It is interesting to notice that the variation for both stress 
ratios is almost identical. 
The second observation can be explained that when the concrete develops some 
cracks near the plate end, it becomes more compliant and thus alleviates the deforma- 
tion incompatibility in the bi-material interface. This leads to a less severe singularity 
at the CA interface. 
Similarly, the shear stresses along the same sections are plotted in Figure 6.24 under 
the same applied loads. The following observation can be made: 
(1) The AC interface experiences largest shear stress and the PA interface shows 
the lowest; 
(2) The ratio of the peak AC shear stress to the applied load is almost the same for 
various loading level; 
(3) The position of the peak value moves away from the plate end with the in- 
crease of the applied loads. 
6.9 Results Analysis for Strengthened Beam 11 
The second strengthened beam modelled in this chapter is the same RC beam 
strengthened by a 1700mm long CFRP plate, which is referred here as strengthened 
beam II. Figure 6.25 shows the load deflection plot of strengthened beam II and its 
experimental counterparts (Beam B9 and B 10) by Fanning and Kelly (2000). The pre- 
sent ultimate load value is 76KN and the experiment one is 62KN and 82KN respec- 
tively. The great variation between the two experimental results from two identical 
beams is believed to be human-caused, especially for B9, which is more questionable 
as it is weaker than the virgin beam. Again both the numerical and experimental re- 
sults agree well with each other. There is no obvious yielding point in the load path, 
as the rebars have yet yielded. This can be easily seen in Figure 6.26 where both ten- 
sile and compressive strains of the rebars are plotted. It is worth noting that the strain 
in the compressive reinforcement is almost linear throughout the entire loading his- 
tory. 
184 
Nonlinear Finite Element Analysis Chapter 6 
The plate strain and top concrete fibre strain at the mid-span are plotted in Figure 
6.27, where the experimental one is also plotted. They show very similar trends as the 
rebar strains. Again the numerical and experiment results are quite coincident except 
the low loading range. 
The longitudinal normal stress, shear stress and transverse normal stress at the con- 
crete in the vicinity of the AC interface are plotted in Figure 6.28. They show very 
similar trends to Strengthened Beam 1. Figure 6.29 shows the corresponding principal 
strain of the concrete near the plate end. We can draw the conclusion that the 
stress/strain behaviour from both strengthened beams near the plate end is very simi- 
lar. An interesting finding from the transverse normal stress plots for both strength- 
ened beams is shown in Table 6.3. 
Table 6.3 The result comparisons between two strengthened beams 
Distance be- Load at crack Load at crack Ultimate 
tween plate end extended to 
extended to load 
and support position I 
position 2 (KN. m) (m) (KN. m) 
(KW m) Strengthened Load 48 69 101 
0.375 
Beam I Product 1.8 2.6 3.8 
Strengthened Load 32 55 76 
0.550 
Beam II Product 1.76 2.9 4.1 
In Table 6.3, the rows for 'Load' represents three characteristic loading levels, i. e. (a) 
the loading level when the horizontal crack extends to position 1; (b) the loading level 
when the horizontal crack extends to position 2; and (c) the ultimate load. The rows 
for 'Product' are the products of the distance between the plate end and beam support 
and the corresponding characteristic loads. As seen from the table, the products are 
very close in the same columns. As a matter of fact, the product is the bending mo- 
ments that cross-sections at the plate ends experience, and that suggests the observa- 
tion that the bending moment has a dominant impact on the plate end crack occur- 
rence, crack development and the ultimate load for a given beam. 
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A similar conclusion can be drawn by comparing the ratio of the peak interfacial 
normal and shear stress in the AC interfaces for both strengthened beams (see Figures 
6.23) 6.24 and Figures 6.30,6.31). Table 6.4 lists the details of the comparison, in 
which the 'Moment' stands for the moment at the plate end; and 'Ratio' is the peak 
stress value to the moment value. It is obvious that the interfacial stresses are closely 
related to the bending moment at the plate end. This also explains the correlation 
between the plate end moment and the characteristic loadings mentioned in the above 
paragraph. It is also noted that there is quite a discrepancy between the ratios at the 
ultimate loads, which implies that the ultimate failure may also be related to other 
failure mechanism, such as the conventional shear cracking. 
Table 6.4 The comparison of the normal stress and shear stress for both strengthened 
beams 
P=1.4KN 
Normal stress 
P=51KN P=75KN P=1.4KN 
Shear stress 
P=51KN P=75KN 
Moment 
0.385 14.025 20.625 0.385 14.025 20.625 
Streng- (KN. m) 
thened Peak stress 
0.072 2 1.8 -0.05 -1.73 -3.22 Beam I (MPa) 
Ratio 0.187 0.143 0.087 -0.190 -0.185 -0.170 
Moment 
Streng- 0.2625 9.375 18.938 0.2625 9.375 18.938 
(KN. m) 
thened 
Peak stress Beam 0.05 1.59 2.15 -0.07 -2.45 -3.08 (MPa) 
Ratio 0.190 0.1696 0.113 -0.182 -0.175 -0.149 
The last figure in Figure 6.32 shows the variations in longitudinal strain along the 
CFRP plate from the plate end to the midspan, as a function of the externally applied 
load. The strain is normalized to the applied load to investigate its relationship to the 
applied loads. The strain in the constant bending moment region is virtually uniform 
for a given load. Within the shear span, the strain drops almost linearly from the load 
point to the positions closed to the plate end, where the plate has yet developed its full 
composite action. The strains drop to zero very quickly further towards the end. The 
length of the region is defined as the development length as introduced in Chapter S. 
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From the figure we can see that the strains increase with a higher rate when a higher 
level of load is applied. The development length also increases as the load increases 
correspondingly, from approximately 70mm to 100mm when the load is increased 
from IAKN to 75KN. 
6.10 Conclusions 
A nonlinear FEA simulation has been conducted in this chapter for a virgin reinforced 
concrete beam and two strengthened reinforced concrete beams. One of the key fea- 
tures of the present analysis is that it has captured most of the properties shown by 
concrete material and the interactions between the concrete and the other constituent 
materials. 
The modelling of the virgin reinforced concrete verified the application of the 
ABAQUS package, including the consideration of complicated concrete material 
properties and the implementation of the reinforcement separately in the modelling. It 
also provided results such that the comparisons between the strengthened and un- 
strengthened beam could be carried out. 
Two strengthened beams with different bonding lengths have been simulated. Exten- 
sive results have been presented and interpreted. All the results have been either fa- 
vourably verified by the experimental results or been critically analyzed. As an alter- 
native research method to the strengthened RC beam, the present analysis provides 
more results that are difficult to measure through experiments. These include the in- 
terfacial stresses in the concrete near the plate end. These results are deemed as key 
information in order to elucidate failure mechanism quantitively. 
Another important finding is that the structural behaviour near the plate end is domi- 
nantly related to the bending moment carried by the beam cross section at the plate 
end. This includes the peak stresses and the characteristic loads. It also further con- 
firmed the observation in Chapter 5 that the bending moment at the plate end is the 
major cause of the stress concentration. 
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CHAPTER 7. 
Chapter 7 
INTERFACIAL STRESSES USING NONLINEAR 
FRACTURE MECHANICS METHOD 
7.1 Introduction of NLFM 
Fracture mechanics method has been a useful approach to study response and failure 
of structures as a consequence of crack initiation and propagation (Brock, 1986; Rolfe 
and Barsom, 1977). However concrete, as a qusi-brittle material, cannot be satisfacto- 
rily analysed using the linear elastic fracture mechanics (LEFM) methods, because of 
the inherent multiplicity of flaws: microcracks or macrocracks. This very multiplicity 
of cracks actually mitigates against the use of LEFM for concrete structures, particu- 
larly small scale structures, and is the cause of the strain-softening behaviour charac- 
terized by prepeak and postpeak response of the stress-displacement curve. This is due 
to a combination of distributed cracking leading to localization of cracking into large 
fractures that include toughening mechanisms of crack bridging and interlock within 
the fracture process zone. This phenomenon is termed as strain localization (Shah et 
al 1995), and the nonlinear fracture mechanics (NLFM) is more suitable to this type of 
materials. 
To briefly illustrate the fracture behaviour of the concrete material, we consider a re- 
gion near a crack in a beam in bending as shown in Figure 7.1 (Shah et al. 1995). The 
load against crack mouth opening displacement (CMOD) is plotted in Figure 7.2, in 
which the solid line represents the real crack growth while the dashed one is its sim- 
plifled form. From the load-CMOD curve, we can see that the CMOD is proportional 
to the applied load before the load commences its nonlinearity, during which the ran- 
domly distributed microcracks in concrete are formed. At a certain point before the 
peak stress, microckacks begin to be localized into a macrocrack that critically propa- 
gates in a stable manner until the peak stress occurs. New crack surfaces are formed at 
the peak stress along the path of the initial crack tip. The newly formed crack surfaces 
may be in contact and are tortuous in nature. This leads to toughening mechanisms in 
the fracture process zone such as aggregate interlocking. The newly formed crack may 
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continue to sustain some normal tensile stress, which characterises the descending 
branch in the load-CMOD curve (see Figure 7.2). Very similar mechanisms apply to 
the Model II fracture, shear-type fracture mode. 
Researches has been conducted for the plate end debonding problem by considering 
only Mode II fracture [Brosens and Van Vemert (1998) and Yuan et al (2004)]. In the 
early stage, only the ascending branch of the force against slip curve was used. This 
was followed by a more accurate analysis for the post-cracking behaviour (Taljsten, 
1996). In their studies, the bilinear force-slip relationship is 
CMODI 
M 
Fig. 7.1 The cracking segment of a concrete beam (Shah et al. 1995) 
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widely used as an analytical solution (Wu et al. 2002). In the study of the interfacial 
stresses in the strengthened beam, the high level shear stress is accompanied by a high 
level tensile normal stress/ peeling stress. It is sensible to consider the plate end crack 
as a mixed fracture mode, rather than the pure Mode 11 fracture (Buyukozturk and 
Hearing 1998). 
Numerous experimental observations reveal that debonding occurs within the concrete 
material in the vicinity of the AC interface (see Wu and Yin 2003, Teng et al. 2001). 
In this study, it is assumed that the cracks propagate along the AC interface, and both 
shear stress and tensile normal stress are the driving forces to form the crack. Both 
pre-cracking and post-cracking are considered in the modelling. The interaction be- 
tween the simultaneous actions of shear stress and peeling stress are considered. The 
interaction effect includes two aspects, the critical state when the macrocracks are 
formed, and the critical state when new crack surface forms. Accodring to Brosens 
and Van Gemert (1998), the former state is termed as serviceability limit state and the 
later is termed as ultimate limit state. The relationships for both the normal stress 
against separation and shear stress against slip are assumed to be bi-linear. A simple 
linear interaction rule is utilised to describe their interaction. Under this theoretical 
framework, two coupled governing equations are derived. An iteration approach is 
used to solve the separation and slip and then the normal stress and shear stress. 
P 
PC 
CMOD 
Fig. 7.2 Load-CMOD curve 
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7.2 Equations for Interfacial Shear Stress and Slip 
Consider a simply supported strengthened RC beam subjected to a transversely dis- 
tributed load q(x) and end moments (see Figure 7.3). A segment starting from the left 
plate end with an arbitrary length is plotted in Figure 7.3 (a), in which the internal 
forces are also plotted. The concrete beam and the bonded plated are denoted by ele- 
ment 1 and 2 respectively (see Figures 7.3 b and c). The coordinate system is desig- 
nated such that the positive x direction points rightwards, the positive y direction 
points downwards and the origin located at the upper left comer. The applied load, in- 
ternal forces and interfacial stresses are also plotted in the figure where their direction 
are assumed positive. 
As shown in the figures, the equilibrium in the longitudinal direction for both ele- 
ments lead to 
N, (x) No -b r(x)dx (7.1) 
N2 (x) bf r(x)dx (7.2) 
where N, (x) (i=1,2 ) are axial forces experienced in the sections at an arbitrary 
distance x of the i-th element respectively and No is the axial force carried by the 
concrete beam at the left plate end. It is noted that No= 0 with the absence of axially 
applied loads, so it is dropped in the following derivation. T(x) is the interfacial shear 
stress and b is the width of the bonding interface. 
In the absence of the axially applied loads, the sum of the two axial forces remains 
zero at horizontal position, i. e. 
N, (x) + N2(x) =0 (7.3) 
That is, the pair of axial forces equal in magnitude with opposite directions, which 
forms a couple MN(x) [see Figure 7.3 (a)]) as follows 
MN(x) = 
N2 +k +k)=b(4+k +k 
Er(x)dx (7.4) 
22 
where h, and h2 are the heights of the concrete and bonded plate respectively and h,, is 
the height of the adhesive. 
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For the un-separated segment (Figure 7.3 a), the section at x experiences a total bend- 
ing moment Mr(x) consisting of three parts, i. e. the internal bending moments carried 
by I and 2, i. e. MI(x) and M2(x) respectively, and the couple MN(x). Applying the 
equilibrium condition to this composite beam segment, one has 
MT(x)=MO+Qox-B q(s)(x-s)ds (7.5) 
where B is the width of the beam and s is an arbitrary coordinate between the origin of 
the coordinate system and x, q(s) is the distribution of applied pressure. 
Using the assumption that two elements have the equal curvature, we can easily allo- 
cate bending moment to each element by their related flexural stiffness, e. g. 
W= 
EII , -[M, (x)-M, (x)l El I, + E2,2 
EI, [Mo 
+ Qox -Bf q(s)(x - s)ds -b++h,, 
) f r(x)dx EIII + E2,2 21 
m2 (x) -- 
412 
-[MT(X)-MN(X)] EII, + E2I2 
EI, 
-- 
[Mo 
+ Qox -Bf q(s)(x - s)ds -b 
(4 +'ý 
+ k) f -r(x)dx EIII + E2,2 21 
(7.6a) 
(7.6b) 
where M, (x) and M2(x) are the bending moment experienced in elements I and 2. 
By using the relationship that the first-order derivative of MI(x) and M2(x) equal to 
the related shear forces, we obtain 
Q, (, x) = 
dM, (x) 
(7.7a) 
dx 
Q2 (x) = 
dM (x) 2" (7.7b) 
dx 
where QI(x) and Q2(x) are the internal shear forces for elements I and 2, respectively. 
The relationships between the deflection and the bending moment are 
EI I, 
d= -M, 
(x) 
x2 
(7.8a) 
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E2 
2 dX2 
ý- -M2 (X) (7.8b) 
where v, (x) and v2(x) are the respective deflections of element I and element 2. 
The relative horizontal displacement of initially adjacent points is designated as slip s, 
and is given as 
ub (x) - u. 
(x) (7.9) 
where u. (x) andUb(x) are the horizontal displacements of point a and b, respectively 
and are 
U. (x) = uý (x) -A 
dv, (x) 
(7.1 Oa) 
2 dx 
Ub (X) = U2 (X) +4 
dV2 (X) 
(7.1 Ob) 
2 dx 
where u, (x) andU2(x) are the horizontal displacements of the neutral surfaces of 
elements I and 2 and v, (x) and v. (x) are their vertical displacements. Substituting 
Equations 7.10 into Equation 7.9, one obtains 
4, dv2(x) dv, (x) 
S. 
v U2 
(X) - Ul (X) + (7.11) 
2 dx 2 dx 
As ul (x) andU2 W can be related to the axial forces, N, (x) and N2 (x) , by 
N, (x) = A, u, = EI A, c = EI A, 
du, (x) 
(7.12a) 
dx 
N2 (X) =A20., 2 =EAC, 2 =E2A2 
du2(x) 
(7.12b) 
dx 
where a,,,, c.,,, (i=1,2 ) are the axial nonnal stresses and strains in the neutral sur- 
faces of elements i. The substitution of Equation 7.8 and 7.12 into the third-order de- 
rivatives of Equation 7.11 yields 
ds, '(x) d'u, (x) d'u, (x) 
+4+4 
dv, (x) 
dX2 dX3 dx3 2 dX 42 dX4 
2 (x) 
12 
(x) 2 (x) 1 dN2' 1 dNr 4 dM2' A dM, (x) 
E2A2 dx' EI A, dx 2 E2 12 dx' 2 E, I, dx 2 
(7.13) 
Substituting Equations 7.1,7.2 and 7.6 to Equation 7.13 and rearranging the resulting 
equation, one obtains 
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ds, ' (x) 
== b[ 
L+ 1+ hi + 2h) dr(x) 
+ 
(4 +h2) 
_q(X) dX2 EI4 E2A2 4(EII, + E2I2) 
- 
dx 2 (EII, + E2I2) 
7.3 Equations for Interfacial Normal Stress and Separation 
(7.14) 
Based on the calculated interfacial shear stress, the bending moment can be calculated 
in a more accurate way, in which M, (x) andM2(X) can be re-expressed as 
M, (x) = Mo + Qox -Bf q(s)(x - s)ds -bf a(s)(x - s)ds - 
b4 r,, (x)dx (7.15a) 
2 
M. (x) =bf u(s)(x - s)ds - 
b'ý f r(x)dx (7.15b) 2 
and the shear forces are 
dM, (x) xr bý_r(x) Qý (x) = dx 
Qo -B1 q(s)ds -b1 a(s)ds -2 (7.16a) 
Q, (x) = 
dM2(x) 
=bf a(s)ds - 
býý, 
r(x) (7.16b) dx 
where a(x) is the interfacial normal stress along the bonding interface. 
The relative vertical displacement of the initially adjacent points is designated as nor- 
mal separations, and it is given as 
sn = vb (x) - va (x) «= v2 (x) - vl (x) (7.17) 
and v,, (x) and vb(x) are the vertical displacements of points a and b. 
Substituting Equations 7.8 to the forth-order derivation of s, in Equation 7.17, one ob- 
tains 
=d4v, 
(x) d4 vl (X) 
=1 
dM2(x) 
+1 
dM 12 (x) 
dX2 dX4 dX4 E2,2 dx 
2 EI I, dx a 
that can be rearranged as, 
II) 
cj. (ý dX2 =-b -+ X) +b 
dr(x) B 
-q(x) 
(EIII 
E2,2 2 E2I2 Ell, dx EIII 
(7.18) 
(7.19) 
Equations 7.14 and 7.19 are the governing equations from which the shear slip and 
normal separation can be solved. 
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7.4 The Bilinear Stress-Slip/Separation Relation under Interaction 
Figure 7.4 shows the stress-slip relationship along the bond interface. Figure 7.4(a) 
shows both ascending and descending branches, representing the pre-cracking and 
post-crackling behavior. 
During the pre-cracking stage, it is characterized that the bonding interface deforms 
elastically and only microcracks in the concrete near the bonding interface appear and 
develop, which does not affect the elastic behavior significantly. Up to the peak stress 
fio, the structural behaviour is linearly elastic, and the conventional material mechan- 
ics theory applies. The slip in this range may be calculated on the basis of the linear 
stress-strain relationship with a rational characteristic crack bandwidth. Due to the 
fact that the stiffness of the concrete is much greater than that of the adhesive in the 
vicinity of the bonding interface, we assume that the characteristic bandwidth equals 
the height of the adhesive layer h, Hence, the slope of the ascending part of the shear 
stress-slip curve is 
csG,, (7.20) 
h,, 
and s,, ý is obtained as 
S., Oy -ý 
flo 
(7.21) 
C, 
fio 60 
Ssoc - Ssoy 
(a) Accending and decending parts (b) Decending parts 
Fig. 7.4 Stress-slip relation 
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After the peak stress, at which the microcracks are localized into a macrocrack, the 
stress starts to decrease with the increase of the relative displacement. Spatially, a 
fracturing process zone (FPZ) commences to develop. The so-called fracturing proc- 
ess zone is that where the new crack surfaces are formed but they may still be in con- 
tact and are tortuous in nature and hence forms the toughening mechanism (Shah et al. 
1995). This material in the FPZ continues to sustain some shear stress after the peak 
value but the magnitude is reduced to zero when the crack starts to separate. We de- 
note the slip when the shear stress reach zero as the ultimate cracking slip s., O,. If we 
only plot the curve for the post-cracking stage as shown in Figure 7.4(b), the area un- 
der softening stress-slip curve is called fracture toughness Gil for mode II cracks and 
is given by 
GI, =ý oc-s. oy r (s, ) ds, (7.22) 
Fracture toughness is property of material. Under the assumption that post-crack shear 
stress and slip relationship is linear, GII can be solved as 
GI, = 
Ao (Sso, - Soy 
2 
ff0 fo 
(7.23) 
SnOc- SnOy 
(a) Accending and decending parts (b) Decending parts 
Fig. 7.5 Stress-separation relation 
Likewisely, the transverse normal stress a and separations,, relationship shows the 
same characteristics as the shear stress and slip. The curves are shown in Figure 7.5 
wheref,, o is the peak transverse normal stress; s,,, ý, is the corresponding separation; and 
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s, O, is the cracking separation. Thus, the transverse normal stiffness in the elastic stage 
is 
c 
E,, (7.24) 
" h,, 
and sOy is obtained as 
Say -, -: 
f-0 (7.25) 
C', 
The mode I fracture toughness G, is given by 
G, = 
f. o 
(S. 
0, - S. 0y (7.26) 
2 
The above stress-displacements relations were proposed to deal with Mode I and 
Mode II cracks occur separately. In the event that both cracks develop, the interaction 
between them should be considered. 
As mentioned above, two states of interactions are considered in this study, i. e. the 
peak stress/displacement and the ultimate displacement. A linear interaction theory 
are adopted for both as follows: 
f, + f. =I flo f1lo 
(7.27) 
where f, and f, are the peak shear stress and peak transverse normal stress under the 
concurrent shear and normal actions. 
The ultimate cracking displacement also satisfies the interaction equation, i. e. 
S. -SV S., - S. Y + 
S. 0 - Syo S. 0 - 3. yo 
(7.28) 
To establish the post-crack stress - displacement relationship under the simultaneous 
shear stress and transverse normal stress, the following cracking index pi is defined 
for an arbitrary combination of shear stress sj and normal stress s,, j 
S., - Sly + 
S., - S"Y 
S'a - S., Yo s"a - S. Yo 
(7.29) 
The corresponding shear and normal stresses can be written in terms of the cracking 
index as 
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T =f, (I -A) (7.30a) 
a=f, (I -A) (7.30b) 
These lead to the fact that when pi = 1, both stresses approach zero and when pi = 0, 
both stresses approach their peak values. In between these two extreme cases, the 
stresses remain linear with regards to the cracking index. 
Substitute Equation 7.29 into Equations 7.30, 
1+ SV + 
S-Y 
S. O-SOO S,,, O - Swo 
a=f. 1+ 
SV 
+ 
SW 
S. O - Svo S. a - Swo 
we have 
S, S,, (7.31) 
3.0 - Syo S., o - S"Yo 
S, 
-+ 
S,, (7.32) 
S. 0 - Svo s"a - S"Yo 
Let 
I+ So + 
S-Y 
3.0 - Svo S. a - snyo 
I), 
C. 
2 = -fs 9 S. 0 svo 
CA = -fs 
S. a S"Yo 
I+ SV + 
S-Y 
S. 0 - Svo S,,, o - S. Yo 
C. 
2 -fn 
(S. 
0 Svo 
and 
CO (7.33 a-f) 
sna Smo 
Equations 7.31 and 7.32 become 
'r CA + Cs2Ss + Cs3Sn (7.34) 
Cr CnI + Cm2Ss + Cn3Sn (7.35) 
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7.5 Governing Equations 
Substitute r= Cs, and a=C,, s,, into Equations 7.14 and 7.19, we obtain the govern- 
ing equations for the pre-crack stage as follows: 
dS., 3 (x) 
- bC., 
1+1+ (4+1ý)(4+4+2h) ds., (x) 
- 
(A +4) 
q(x) dX2 
1 
EI 4 E2 A2 4(EII, +E2,2) 
_ 
dx 2(EII, + E2I2) 
(7.36a) 
ds4 (x) 
+ bC 
1+1)s. 
(x) +bC, 
(_L 
_ _ý_) 
ds, (x) 
=_B q(x) (7.36b) dX2 
(EII, 
E2,2 2 EI I, E2I2 dx EI I, 
Let 
91 = bC, --+1+ 
(A +4)(4 +lý +2h. ) 
F 
[iAI 
E2A2 4(EII, + E2I2) 
C., 
11 
= -l-+ 1a'1 
JbCfl( 11" 
1E1I1 E212J 
b KIE'l = C, 2 El I, E2 12 
k, = 
(A +k)- 
2 (EIII + E2I2) 
k2 B (7.37a-e) 
ElIl 
Equations 7.36 can be rewritten as 
ds, '(x) )2 ds-'(X) 
dX2 dx = 
ýq(x) (7.38a) 
ds4 (x) 
+4(, 4")' u(x) + KE') 
ds, 
'(x) = k2q(x) (7.3 8b) j7- dx 
Equations 7.38 are the governing equations for the strengthened beam in the pre- 
cracking state. It is seen that the first equation is independent of the second. The two 
equations, therefore, can be solved separately. 
Similarly, substitute Equation 7.34 and 7.35 into Equations 7.14 and 7.19, one have 
the governing equations for the post-crack stage as follows: 
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ds, 3 (x) 
- b[ 
2h) 
c8 
(X) 
+ Cs3 
ýS-n (X) (4+112) 
dX2 
][ 
s2 EI A, E2 A2 4 (EI I, + E2I2) dx dx I, + E2,2 
)q 
(7.39a) 
ds'(x) 
+b 
1 
-+ 
1 
[cnl + Cn2ss (X) + Cn3Sn 
dx2 
( 
EI I, E2 12 
b( A4) 
[c 
32dS" 
(X) 
+ Cs3 
ds (x) ]=_B 
q(x) (7.39b) 2 EI I, E2 12 dx dx EII, 
By introducing 
, 
ý21 
=-11 +(4+1ý)(4+/z2+ 
2h) 
-bC32 
[+ 
EI A, E2 A2 4 (EI I, + E2 12) 
1 
F4 
hCn3(, 
11 2 2) 
KI'21 -bCj3 +I +(4+h2)(4 
+k +2h. ) [ 
El A, E2 A2 4 (El I, + E2 12) 
1 
b 
K21 
2 
CA 
(EI, 
E2I2 
K312] 
=b 
C32 
Ak) 
2 
(EII, 
E2I2 
K[2] 
=bCn2 
I- 
4+I) 
(EIII 
E2,2 
K512] 
= bc., 
I+' 
(7.40a-g) 
(EIII 
E2,2 
) 
the post-cracking governing equations can be simplified as 
ds, '(x) 
+ 
(. 2, )2 ds, (x) 121 ±n W 
dX2 + K, A= 
kq(x) (7.41a) 
ds,, '(x) 2] )4 
Sn (X) +K, 12]dSn 
(X) 
+K3[2] 
ý ýS 
-(4 
JX) 
+K4,2]S, (X) +K512) = kq(x) (7.41b) dX2 dx dx 
Unlike the pre-cracking equations, these two equations are coupled and it is difficult 
to solve them analytically. 
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7.6 Boundary Conditions 
7.6.1 Shear Slip 
7.6.1.1 At the Plate End, x=0, 
In the 1" order derivation of Equation 7.11, i. e. 
ds, (x) dU2(x) du, (x) dv 12 (X) 
-+ 
iý 
+ 
ý- 
dX2 
(7.42) 
dx dx dx 2 dx' 2 
the first two terms are related to the axial forces of elements 1 and 2 and the other two 
are related to the bending moment. All these terms except the bending moment in ele- 
ment I are zero. Hence Equation 7.42 becomes 
ds, (x) 4 
dx =- 2E1I1 
Mo atx=O (7.43) 
where MO is the bending moment carried by the concrete beam at the plate end. By in- 
troducing j, = Equations 7.43 can be simplified as 2EIII 
ds, (x) 
-= jMO at x= 0; dx 
(7.44) 
7.6.1.2 At the Midspan of the Strengthened Beam, x=I 
It is reasonable to assume that the structural behavior at the midspan of the beam is 
not affected by the stress concentrations at the plate ends. Consequently, the 
composite behavior follows the classic laminate beam theory. 
The shear stress along the bonding interface can be calculated by 
r(x) = 
E2(2yo - k) Q(x) 2EIIO (7.45) 
where Q (x) is the distribution of the shear force along the strengthened beam. For in- 
stance, for a UDL, Q (x) =qQ- x), where q is the intensity of the UDL; ho denotes 
the distance between the neutral axis and the plate soffit, i. e., 
EIA (A +2k+ 2k) + E214 (7.46) 
2 (Elk + E2k) 
and 10 is the second moment of area about the neutral axis 
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2 
10 =ýL+. 
ý 
ý2+A ý-+k 
+h,, -ho +E2k ho _ (7.47) 12 12E, 
(2 ) 
12E, 
( 
2) 
Due to symmetry, the shear force at the didspan is zero, thus 
s, (x)=O atx=l (7.48) 
and 
ds, (x) 
= 
dr(x) 
=. 
E2(2yo - h2) dQ(x) (7.49) 
dx Cdx 2CEIIO dx 
For LJDL, 
ds, (x) 
dx = 
j2q atx=l (7.50) 
where j2= 
E2(2yo - k) 
* 2C, EIIO 
7.6.2 Transverse Normal Separation 
7.6.2.1 At X=0 
d's (x) 1 
dX2 - J3M0 and j3= EII 
(7.51) 
d3S 
n 
(X) 
= 
QI (0) 
_ 
Q2 (0) 
= 
QIO 
_ 
b, 44 )r(0) (7.52) 
dX3 EII, E2I2 EII, 2 EI I, E2I2 
If the plate end is still at the pre-crack stage, 
d's (x) 
=a 
bý (_L C dX3 EI 1,2 EI I, E2I2 
) 
s, (0) (7.53) 
where Q0 is the shear forces experienced by the concrete beam at the plate end. By in- 
troducing j3= 
1 
and j4 =-b' Equation 7.53 becomes ElIl 2 El I, E2I2 
) 
d's (x) (7.54) i3Q10 + j4Cv'r(0) 
dx 
If the plate is at the post-crack stage, 
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d s', (x) 
=s (7.55) dX3 
i3 + i5 [Csl + Cs2Ss (0) + Cs3 
n 
(0)1 
where j, 
b'Ak 
2 
(EIl 
E2I2 
7.6.2.2 At X =I 
As mentioned above, the classic laminate beam theory (CLBT) is valid for the region 
away from the plate ends. Thus 
SX) =0 (7.56) 
Again, due to symmetry, 
ds,, (1) 
dx =0 
(7.57) 
The above-derived boundary applied to either of the governing equation depending on 
the actual state the boundary is experienced. 
7.6.3 Conditions of Continuity 
For beams with both post-cracking and pre-cracking zones, there must exist a transi- 
tion point. Let ly denote the length between the plate end and the transition point. 
At x= ly, the continuous conditions require 
IS2 (X)IL Is 
-y 
(X)IR (7.58a) 
dS, (x) 
dx 
(7.58b) 
dx 
-L 
«'2 
[dS"(X)IR 
1d 2S, (X) 1 
_[d 
2 S., (X) 
(7.58c) 
L dX2 X2 IL [d 
IR 
where the subscripts L and R denote left and right to the transition point, respectively. 
Similarly, for the transverse normal stress, the following equations must be satisfied at 
x= ly: 
Is "ý Is (7.59a) n 
(X)IL 
"' n 
(X)IR 
dS,, (x) 
(7.59b) 
dx dx 
I IL 
=[dSn 
(X) 
R 
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dX2 
-L 
--21 dX2 
R 
(7.59c) 
d'S (x) (7.59d) 
1 
dX3 
IL 1 
dX3 
-R 
7.7 Solution Procedure 
7.7.1 Linear Solution 
When the applied load is small, the entire strengthened beam is in the pre-cracking 
state. Hence, only linear solutions apply. By solving the governing equations, Equa- 
tion 7.38a together with boundary conditions 7.44,7.48 and 7.50, one obtains the lin- 
ear solutions of the interfacial shear stress as 
ssi (x) = gle4llx + 52e '911, + (53X + 54 (7.60) 
where 
81 q + 1 
ilmo 
11 4 11 e 
24 1] )2 
+ e9 41] 
(e24"I 
q 82 j2e4l]l 
11 
e4"'k, e 24111jIMO 
1 411 
e 
24 1])2 
+ e457) 4', 
(e 24111 
kq 
(53 - 4112 
q e 4111 J2 - k, 
[1 + 4"1 - e4"' M (I - 4'11)] e 
24111j 
(54 
e 
24111 
I O 
4111 (7.6la-d) 4112 (I+e 4 1] (e 24111 _I 
) 
The substitution of sKx) into Equation 7.3 8b and boundary conditions Equations 7.5 1, 
7.52,7.56,7.57 leads to 
s,, (x) = y, sin, ý'Ix sinh, ý'Ix + y2sin 4'lx cosh 4'lx 
P] 4 11 x -411 x +73 COS 'ý x sinh ý" x+ r4cos, ý'Ixcosh, ý'Ix +ye + y,, e + Y, (7.62) 
where 
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75 = 
Kjl'J[kq(e4"' _ 1) + 4112 (j2qe4"l - jIMO) 
4112 (e 24111 
_1 
)(4 112 
+ 241] 41 +2 
ý1]2 ) (g]2 
- 2AI'14'1 + 2, ý 
112 ) 
KIE'le4l" [kq (e4"' _ 1) + 4112 
(jlMoe4"I 
- j2q) 
r6 
[112 24111 )2 )2 )2 2 
-ý 
(e 
+ 241]4'] +2(, ý'] - 24'1, ý'] +2 
(4']) 
= 
q[KEllkl + 
k2 (41] )2 
Y7 
4(411 
)2 (, q] )4 
(7.63a-c) 
the other coefficients y, (i= LA) are not listed herein for the sake of brevity. 
7.7.2 The Nonlinear Solutions 
As the load increases, the beam starts entering into the post-cracking state. The proc- 
ess starts from the region near the plate end and then extends to the middle of the 
beam. In this case, different governing equations apply to the different regions. The 
continuity conditions are imposed at the boundary of the regions. The governing equa- 
tions of the post-cracking region, Equation 7.41, are coupled with the unknown func- 
tions s, (x) and s, (x). The traditional method solves these equations by eliminating one 
of the unknown functions and solves a high order differential equation. Normally an 
analytical solution cannot be obtained. An alternative method is to convert the 
coupled equations into a series of first-order differential equations by introducing 
some dummy functions and a numerical algorithm is adopted to solve them. In this 
study, an iteration method is used for the post-cracking equations. 
To compute the first-order approximate solutions of so(x), the terms involving s, (x) 
in Equation 7.4 1a are omitted. This leads to an uncoupled equation 
ds, '(x) 
, (, )2 
ds, (x) 
= kq(x) dX2 dx 
(7.64) 
which has the similar form as the first equation of the pre-cracking state, namely, 
Equation 5.38a. One of the boundary conditions should be applied when solving 
Equation 7.64, i. e. Equation 7.44. 
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Equation 7.38a is solved herein again only using the boundary conditions at x=1, i. e. 
Equations 7.48 and 7.50. Connecting both solutions with continuity conditions 5.59 at 
x= ly, the shear slip can be calculated in entire region as 
s. , (x) = öýý , sin 
421x +8012 COS 421X +t5013X+80141 X: 51Y (7.65a) 
andS, 02 
(X) = 502je 411, +5022 e ; 41), + 
8023X + 8024 
9x>1Y (7.65b) 
where s, 01(x) is the solution in the post-cracking region and the Ss02(X) is the solution 
in the pre-cracking region. 
Rearrange Equation 7.41b into the following forms 
ds 4 (x) 21)4 
Sn 
Ss (X) (2) 
_K[21 
! ý_ 
_K[2]S., 
(X) L 
dX2 (x) = k2q(x) 3 dx 4- 
K5 (7.66) 
where -KI'l 
dsn(x) 
was omitted in the first-order approximation. 2 dx 
Introducing the first-order approximate solution s, 01(x) into the right-hand side of 
Equation 7.66 and considering Equation 7.38 b together with the obtained first-order 
approximation s, 02(x), the following solution are obtained from Equation 7.66 using 
the same procedure as described above 
4 21 x _, 
42]X [2] 1[2]_ 
y,,,, e + Y,, 2e + Y013 sin'ý X+ Y014 COS "'I "" 
[21 s 2] +y015 sin, ý X+ 
sV016 
Co 
4X+ 
JV017X 
+ 
#VOIS (7.67a) 
Sn02 (X) = 7.21 singllxsinh4"x+ Y022 sin, 4'Ixcoshg'lx+ yo23 cos, 4'Ixsinh4"x 
lllxcosh I'l 411, e-411, (7.67b) +r024 COS 1ý 'ý X+ Y025 e+ r026 + r027 
Rearranging Equation 7.41 (a) yields 
ds, 3 (X) + (, 2, )2 ds (x) [2] ds (x) =kq(x)-K, (7.68) dx 2 dx dx 
Substituting s, 01(x) into its right-hand side, and following the same procedures, we ob- 
tain the second-order approximation, as follows 
s, (x)= 8 x sin4'lx +gl,. sin4 21 X+ (5113X COS 
421X + jý ý, COS, 
ý21X 
+öll, e 
g21x 
+8116 e-42)X +S, sin4"x +, 6, cosg'lx +, ýx+, v, (7.69a) 
and 
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Ss12 (X) = 8,21e4 11x +(5,22e91x + 8123X + (5124 
Rewrite Equation 7.41b as 
(7.69b) 
ds4 (X) 
_ 
ds. (x) [21 ý ýSv(X) (21 sx (X) [21 (421)4S" 1L- K5L (7.70) ji- (x) = kq(x) - K2121 dx - 
K3 
dx - 
K4 
and introducing the shear slip from the previous calculations, the second-order 
approximation of transverse separation are obtained as 
'421X '421X 42] 21 121 s,,,, (x) = r,,, e + r, , e- + r,,, sin 
X+r,, 4COSý X+rMXsinlý x 
+rI 
6 sin 4 
21 
X+ Y117X COS 
421X + rl 18 COS 
421X + r,,, xe 
421, 
+ r, I loxe 
_421, + r, 
III xsin4 
21 
X 
+r, 
112XCOS4 
21 
X+ rl I 13X 
2+ 
Y1114X + rIII5 (7.7 1 a) 
and 
Sn12 W=r, 2, sin, ý['Ixsinh I'] sin4'lxcosh I'] IfIxsinh E'Ix 'ý X+ r122 'ý X+ r123 COS'ý 1ý 
[1] 4 1] x 41]X +r, 24cos, 
ý'Ixcosh, ý x+r,,, e + rl26e- + r127 (7.7 1 b) 
In the above iteration, sol(x), so2(x), soi(x) and Sn02(x) are the first-order approxima- 
tion to the interfacial displacement and s, 11(x), Ssl2(X)g snii(x) and Sn]2(x) are the sec- 
ond-order approximation. In both solutions, there is an unknown parameter I., remains 
unknown. This parameter can be resolved by letting 
Ss02 Yy 
+ 
Sn02(1y) 
(7.72a) 
ssyo S. Yo 
for the first-order approximation, and 
Ssl2(ly) 
+ 
Snl2(ly) 
(7.72b) 
S., Yo S"Yo 
for the second-order approximation. 
7.8 Modelling Parameters 
When following the iterative solutions, the shear stress-slip/normal stress-separation 
relationship must be used. For instance, fio, so,, fo and s,, O, must be defined before 
calculations. In practical application, the only material parameters, which can easily 
be found, is the concrete compressive strength. For concrete whose measured values 
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are not available, CEB-FIP MC90 (1993) has been adopted using the following em- 
pirical fonnulas: 
fcm ý--fck (7.73) 
where fck is the characteristic (5% fractile value) compressive strength of concrete 
(MPa) which is given by testing standard cylinder specimen. The mean compressive 
strengthf,. considers that the scatter is 8 MPa. In most tests, only the mean strength is 
attained through testing a limited number of specimens. For those cases, Equation 
7.73 can be used to relating the characteristic values and the mean values. 
The Young's modulus E, 
104f113 E, (7.74) 
and the mean tensile strength f,,. 
f,,,. = 0.30f, k" (7.75) 
the model I fracture toughness 
X7 G, =adfcom (7.76) 
where ad is the coefficients related to the maximum aggregate size d, (see Table 7.1). 
Table 7.1 Coefficient, ad, to take into account the effect of maximum aggregate size d 
on fracture toughness 
(mm) ad 
16 6 
32 10 
The direct shear strength formula in Popovics (1998) is used, i. e. 
f 
g/ M2) 0.25 - '" (ink c (7.77) 8000 
or 
fd"' 
= 0.25 -1.275 xI 0-'f,. (in MPa) (7.78) f. 
where f,. is the characteristic compressive cube strength. Utilizing the relationship of 
the cylinder strength and cube strength (BSI 1985), 
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f, k = 0.79fu 
The direct shear strength can be related to the characteristic cylinder strength as 
fd., 
h = 0.32fk - 2.04 x 
10-3 fk 
The Mode II fracture toughness is taken as (Neubauer and Rostasy, 1999): 
GI, = ki ctm b2CFf 
where the calibration coefficient kb is 0.45and Cf is 0.202. 
7.9 Numerical Examples 
(7.79) 
(7.80) 
(7.81) 
The second verification example used in Section 4.3 of Chapter 4 is studied here 
again. The parameters required in the calculation are listed as follows. Some of them 
are the same as those used in Section 4.3 and the others are calculated using the equa- 
tions as described above. 
The geometric parameters are: 
concrete: B= 200 mm; hl = 300mm; and span is 3000mm; 
adhesive: b= 200mm; h,, =2mm; 
GFRP plate: b= 200mm; h2 =4 mm; I= 2400mm. 
The mean compressive cylinder strength f,. = 30MPa. Using Equations 7.74,7.75 
7.76,7.80 and 7.81, the Young's modulus E=31 GPa, mean tensile strengthfj. = 2.4 
MPa, Model I fracture toughness G, = 0.065 N/mm, direction shear strengthf,, = 6.05 
MPa, and Model II fracture toughness GII= 0.1 N/mm. Hence, from the above mate- 
rial properties, fio = 6.05MPa; f,, o = 2.4 MPa; so,: = 0.033mm; and s,, O, = 0.054mm. 
Except at the bonding interface, the concrete beam is assumed to be elastic. As is well 
understood, in the normal range of reinforcement ratio, the additional stiffness of the 
reinforcements in a concrete beam is limited in the elastic state and hence neglected 
here. The adhesive and the GFRP material are also assumed to be elastic. The 
Young's modulus of the adhesive E,, =3 GPa and its Poisson's ratio is 0.35. The 
Young's modulus of GFRP E2 = 100 GPa. 
Using the terminology of Brosens and Van Gernert (1998), two states are classified, 
i. e. the serviceability limiting state and the ultimate limiting state. The first state is de- 
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fined as the state where the stresses reach their peak value at the plate end, and the 
stresses apart from the plate end are in the elastic state. The results for this state are 
plotted in Figure 7.6. The second state is defined as the state that the stresses at the 
plate end reach the ultimate value, i. e. both stresses are dropped to zero. Obviously, 
the beam has two regions, where the stresses are either in the descending branch or in 
the ascending branch. The results for this state are plotted in Figure 7.8. In between 
the two limiting states, there exist intermediate states in which the Fracture Process 
Zone (FPZ) extends progressively towards the inside of the beam from the plate ends. 
The results for the intermediate state when q=0.43N/mm 2 are plotted in Figure 7.7. 
Figure 7.6 shows the slip/separation and stress distribution along the bonding inter- 
faces in a short region near the plate end at the serviceability limiting state when q= 
0.237 N/mm 2. The stress distribution is also compared with the simplified linear solu- 
tions proposed in Chapter 5 and Smith and Teng's (2001) linear results and a good 
agreement is attained. Figure 7.7 includes four groups of curves, respectively, for the 
shear slip, transverse separation, shear stress and normal stress. In each group, three 
curves are presented for comparisons. The linear solution presents the solutions using 
the linear stress-displacement relationship. The nonlinear solution is for considering 
both ascending and descending branches in the stress-displacement relationship. The 
nonlinear solutions are given in the form of first-order and second-order approxima- 
tion, respectively. The corresponding state is taken between the serviceability state 
and ultimate state, when q=0.43 N/mm. 2. It is seen that the shear slip given by the 
three solutions are very close, while the transverse separation shows significant dis- 
crepancy between the linear and nonlinear solutions. The nonlinear solution exhibits a 
sudden drop near the plate end, which is believed to be the consequence of the de- 
scending stress-displacement relationship. The region between the plate end and the 
position where peal stress occurs is the FPZ. The length of the zone is approximately 
1.3mm. The nonlinear solution (Figure 7.7 d) also shows a reduced peak normal 
stress. 
Figures 7.8 show the results at the ultimate limiting state when q=0.86 N/mm 2. One 
of notable observations is that the transverse separation along the cracking surface be- 
comes negative near the plate end. This is accompanied by a large shear slip and at- 
tributed to the interaction between the shear and normal actions. The large shear slip 
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tends to close up the opening of the cracks. As an intermediate state, a reduction of 
the shear stress is observed in the FPZ. In respect of the transverse normal stress, it 
quickly picks up from the maximum compression when approaching the plate end and 
changes into positive. In the positive range, it increases across a short region, and 
starts to reduce to zero in the vicinity of the plate end. As Figures 7.8(b) and (c) show, 
both the shear and normal stresses are zero at the plate end. The length of the FPZ for 
this case is 2.05 mm. The notably small value of the length of the FPZ may be attrib- 
ute to the elasticity assumption of the concrete beam and the bonded plate and the as- 
sumption of the linear descending part of the stress-displacement relationship at the 
interface, which, in reality, should have a progressively reducing slope as Figure 7.2 
shows. More common values for the length of FPZ in a concrete with 20mm aggre- 
gate are in the region of 200mm. 
Figures 7.9 a and b, 7.10 and 7.11 show, respectively, the plate end displacements, 
stresses and the size of the FPZ against the applied loads and the stresses against the 
relative displacements. It can be seen that the shear slip is monotonically increased 
with the increase of the applied load. In contrast, the normal separation increases at 
the early stage and then decreases when the applied load exceeds about 0.25N/mm 2. 
After that, it is in compression state. The shear slip is much larger than the normal 
separation. Both the shear stress and the normal stress at the plate end are character- 
ized by a bilinear relationship. They reach this peak value synchronically and the peak 
stress in shear is about twice of that in tension. However, both of them are lower than 
the values when they are considered separately. The figure showing size of FPZ 
against applied load reveals that the FPZ's extension slows down when the applied 
load is approaching the ultimate limiting state. The curves of stress against displace- 
ment in Figure 7.11 look odd. Although the shear stress - slip curves show the typical 
pattern that includes the ascending and descending branches. The descending branch 
for the normal stress-separation is in an opposite sense i. e. the separation decreases as 
the stress is reducing. 
7.10 Conclusions 
This chapter developed an innovative nonlinear fracture mechanics (NLFM) solution 
for the interfacial stresses in the plated RC beam. The interaction between the normal 
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and shear stresses is considered. Two groups of governing differential equations are 
derived for the pre-cracking and post-cracking stages respectively, along with the 
boundary conditions and continuity conditions at the transition boundary. For the 
cases involving the post-cracking stage, the two governing equations are coupled and 
an iteration approach is proposed. Two approximate solutions are developed in this 
chapter and the numerical example shows that the second-order approximation gives 
adequate accuracy. 
Based on the NUM solution, the stress distributions at the serviceability limiting 
state and ultimate limiting state are studied. Numerical examples reveal that present 
solutions predict almost the same stress distribution as the linear solution for the ser- 
viceability limiting state in which the interaction actions has yet taken place. After the 
serviceability limiting state, the FPZ starts and extends towards the inside of the 
beam. As a result, the shear stress starts to reduce its magnitude in the FPZ while the 
normal stress reduces its slope progressively. When approaching the ultimate state, 
some parts of the FPZ are in compression and a large slip occurs. By observing the 
history of the stress/displacement state in the loading process, we find that the shear 
slip in fact continues to increase while the normal separation starts to reduce once the 
applied load pass the serviceability state, and the dominant displacement is the shear 
slip. This is perhaps the reason why many researchers considered only Mode II frac- 
ture as the key fracture mode. Nevertheless, the numerical calculations reveal that the 
interactions between the shear and normal stresses are significant. Both stresses can- 
not approach their full capacity, when they are present simultaneously. 
It is believed that the present solution is the first analytical one to adopt the NUM 
theory and consider the interaction between the two stresses. 
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CHAPTER 8. 
APPLICATIONS TO THE TESTED BEAMS AND 
PARAMETRIC ANALYSES 
8.1 Introduction 
There are numerous RC beams that have been tested in the laboratory and the test re- 
sults have been published. Most of the tested beams are subjected to four-point bend- 
ing. Although the ultimate loads are taken from almost all the tests, only a few of the 
tests provided the interfacial stresses. That is attributed to the difficulty in directly 
measuring the interfacial stress/strain for the bonded beams. In most of the tests, lim- 
ited strain gauges were attached to the external face of the bonded sheet, and the aver- 
age shear stresses were calculated from the strain differences of adjacent strain 
gauges. This approach ignored the bending effect on the bonded plate and obviously 
lead to an average value of shear stress over the interval between the adjacent strain 
gauges. As a result, most of the test results hardly captured the feature of stress con- 
centration. With regards to the interfacial normal stress, to the author's best knowl- 
edge, there are no published results available to date. 
In this chapter, the solutions from previous chapters are applied to analyse the tested 
beams. The completed solution and the simplified one, both successfully verified, are 
applied, and stress distributions are presented and compared with the available test re- 
sults. 
On the basis of the comparisons, the calculated stresses are adopted in two failure 
models for concrete materials and the first plate end cracking load is proposed. The 
first plate end cracking load is also referred as the serviceability load following 
Brosen and Ven Garment (1998), and it is distinct with the conventional first cracking 
load in the high bending moment region. The plate end cracking load is normally 
higher than the conventional first cracking load due to flexure. It is very difficult to be 
captured in the load-deflection curves, although it can be observed from the load- 
strain curves of the strain gauge in the very vicinity of the plate end. Few published 
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test results provided this information. Apart from the serviceability load, the devel- 
opment length is also calculated for the tested beams in this chapter. 
The NUM solution is also used to calculate the serviceability and ultimate loads for 
the debonding failure and the size of FPZ. These results are compared with other 
available analytical or experimental results. 
The second part of this chapter carries out an extensive parametric analysis on the in- 
terfacial stresses using the simplified solution. The parameters discussed include con- 
crete compressive strength, geometrical and material properties of the adhesive and 
bonded materials. The results are presented in graphic form for each group of parame- 
ters. 
8.2 Failure Models for the Concrete Materials 
Two failure models for the concrete materials are adopted in this chapter to seek the 
failure load of the concrete under a complex stress state, i. e. Kupfer and Gerstle 
Model and Mohr-Coulomb strength model. 
8.2.1 Kupfer and Gerstle's Model (1973) 
The principle stresses are calculated for any critical concrete particle in a complex 
stress state (see Figure 8.1) and it is checked with this Kupfer and Gerstle's model 
(1973). This model can be described using the formulas under different stress combi- 
nation as follows: 
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r 
Fig. 8.1 Complex stress state 
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The maximum and minurn principl stresses are calculated as 
- Max 
± +T 
min 
8.2.2 The Mohr-Coulomb Failure Model (Mohr, 1911) 
1 it) 
(8.1 
(9.1 
(8.1 d) 
As Figure 8.2 shows, failure line is the envelope of a series of Mohr circles Linder the 
critical stress states. One of the simplifications for the failure line is that it is deerned 
as a straight line and hence it can be determined by two parameters, which is called as 
Mohr-Coulomb model. In this model, it is related to two simple strength values, i. e. 
uniaxial tensile strength. ft and the uniaxial compressive strength. /ck, both of which are 
characteristic values. 
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c 
Fig. 8.2 Mohr-Coulomb strength model 
In Figure 8.2, the biggest circle is the pure uniaxial compressive Mohr circle and the 
smallest one is the pure uniaxial tension circle. The failure line is the tangent to both 
of them. Any other Mohr circle, which is tangent to the line, indicates the critical 
stress state, and the complex stress state satisfies 
fk_ 
_r cos 97 (. I, 'k 
(8.2) 
-fk 
a, + CY, fk sin (p) + sin (p) (I - sin (p) -(. +r sin ýp - 
where 
sin q) f+ (8.3a) 
and r=4+r2 (8.3b) 
From this model, we also can derive the pure shear strength formula related to the 
uniaxial compressive strength. The Mohr circle for pure shear is the one centred at 
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the origin point. Using the same procedure we have the following equation for shear 
strength 
fck 
-f 
2S) cosv (fck - ft ) COS (P (8.4) fck 
(1-sin(p)-f sinV -fýk(l - sin (p) - 
f, (I + sin (p) 
2 
wheref, is the pure shear strength. Solving the equation and introducing the relation- 
ship between the characteristic compressive strength and tensile strength, we have 
3fck 
3+10(fck) 
(8.5) 
which is an alternative formula to Equation 7.80 for evaluating pure shear strength. 
numerical results show that Equation 8.5 leads to much lower shear strength com- 
pared with Equation 7.80 in Chapter 7. 
It is worth noting that concrete strength tests are carried out on specimens of standard 
size. It has been well recoginzed that concrete materials show quite significant size 
effect, which are attributed to the complex heterogeneous natures due to the 
consitutent materials. To adopt the strength value and strength model approporiately, 
we study the stress state for an element of limited size, rather than an infinitesimal 
particle. In this case, we set the size of the critical element to be 1.5 times the 
maximum coarse aggregate size, which is located in the vicinity of the plate ends. 
8.3 Solution Applications 
8.3.1 Jones et al. (1988) Steel Plated RC Beam 
The first example is a RC beam strengthened by steel plate tested by Jones et al 
(1988). Seven beams were tested, among which, the first one, Beam F331 is suitable 
to be re-studied using the methods developed in this study. The RC beam is simply 
supported with a span 2300mm between the supporting points. It is subjected to four- 
point bending, each at the third point. The geometrical and material properties are: 
Concrete beam: 
Cross section size: 155mm x 255mm; Cube strength: 53.6MPa. 
Adhesive layer: 
Thickness: 1.5mm; Young's modulus: 280MPa; Poisson's ratio: 0.35. 
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Bonded steel plate: 
Length: 2200mm; thickness: 6mm; Young's modulus: 200GPa. 
All the above data, except the Poisson's ratio for the adhesive material and the 
Young's modulus for mild steel, are the original data form the test. The Poisson's ra- 
tio for the adhesive material and the Young's modulus for steel material are chosen as 
the commonly used values of the respective materials. For other material properties of 
the concrete, which were not specified in the tests, are calculated by the empirical 
formula listed in Chapter 7 and they are listed in Table 8.1. 
Table 8.1. The material properties for the concrete 
Young's Direct tensile Direction Fracture tough- Fracture tough- 
modulus strength shear strength ness for Mode I ness for Mode II 
(GPa) (MPa) (MPa) (N/mm) (N/mm) 
35 3.15 8.5 0.08 0.18 
Two solutions, i. e. the completed solution and simplified solution, are adopted to ana- 
lyse this beam to attain the interfacial stress distribution. Since both solutions are line- 
arly elastic, the computed stresses are proportional to the applied load. As a result, 
only the solutions for the applied load 60KN are calculated. 
Figure 8.3 shows comparisons of the stress distributions obtained from various meth- 
ods. Figure 8.3a is for the shear stress. Only the stress along the AC interface is plot- 
ted. Apart from the analytical results, also listed in Figure 8.3a is the shear stress 
measured from the experiment (Jones et al. 1988), that were converted from the meas- 
ured plate strains. As the size of the Demec gauge and the interval between each 
other, the test results only reflect the average values. As a consequence, there is quite 
a discrepancy between the experiment and analytical results. The discrepancy is espe- 
cially distinct in the high stress gradient region. The reason that causes the large dis- 
crepancy near the plate end is that the Demec gauge measured the strains at the lower 
surface of the steel plate. These strains lead to higher interfacial shear stress than the 
actual value, which should be calculated from the strains in the neutral axis of the 
plate. Away from the plate end, the experimental results are closer to the analytical 
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ones. Both analytical results predict quite coincident results, except those near the 
load point, where the complete solution shows a progressive reduction, whereas the 
simplified one shows a step change. 
Figure 8.3b shows the interfacial normal stress along the AC and PA interfaces. Due 
to reasons stated in the first section of this chapter, there is no experimental data for 
comparison. Thus, only the analytical results are presented in the figure. The discrep- 
ancy between both results is noticeable, particularly in the vicinity of the plate end. 
The completed solutions predict a more accurate trend of stress concentration at the 
plate end, whereas the simplified solution leads to an approximation. As a matter of 
fact, the stress in the quasi-brittle material cannot reach the infinite value due to the 
softening mechanism, and the approximate solution may be adequate to represent the 
real stress distribution in this area. In the following part, the simplified solution is 
used to predict the serviceability load by utilizing the two strength models as de- 
scribed in Section 8.2. 
A concrete element with size 20mm in the vicinity of the plate end is considered as 
the most onerous element and the stress components are calculated by the simplified 
solution and used to predict the serviceability load. The results are listed in Table 8.2. 
The NLFM solution is also used to predict the serviceability load and ultimate load. 
As introduced in Chapter 7, the ultimate load is defined as the load, at which the 
cracking surface starts to separate. The two symmetric point loads are approximately 
converted to a UDL by equalizing the maximum bending moment at the mid-span be- 
tween the two loading arrangements. The values for the fracture toughness are given 
in Table 8.1. The predicted results are given in Table 8.2. The ultimate load is com- 
pared with the experimental one. The NLFM method also predicts the size of fracture 
process zone when the cracking surfaces start to separate. In the last two columns of 
Table 8.2 is the development length obtained by the simplified solution and Jones et 
al. 's (1988) analytical solution. 
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Table 8.2 The comparisons of for Jones et al. 's (1988) steel plated RC beam 
Serviceability load (KN) Ultimate load (KN) 
Size of 
FPZ (mm) 
Development length 
(mm) 
Kupfer 
NLFM ap- Jones 
and Ger- Mohr-Coulomb NLFM NLFM Simplified 
proach Experiment et al. 
stle strength model approach approach solution 
and error 1988 
Model 
199 
106 105 117 182 2.65 401 320 
(9.3%) 
Table 8.2 suggests that both Kupfer and Gerstle and Mohr-Coulomb models predict 
very close serviceability loads whereas the NLFM approach predicted a higher value. 
The over-predicted solution from NUM approach can also be seen in the ultimate 
load compared with the experimental results. This is attributed to the conversion of 
the loading pattern from the two point loads to UDL, which leads to a lower level 
plate end bending moment. 
8.3.2 Fanning and Kelly (2001) CFRP Plated RC Beam 
Fanning and Kelly (2001) tested 8 CFRP plated RC beams, among which four various 
CFRP lengths have been investigated. In Chapter 6, two groups of beams with CFRP 
plate length, 2030mm (F5,6) and 1700mm (F9,10), have been simulated using the 
nonlinear FEA method. In this chapter, an additional group, i. e. with CFRP plate 
length 1876mm (177,8), together with the above two are analysed using the completed 
solution, simplified solution, NLFM, to obtain stress distribution, serviceability load 
and ultimate load. The results are compared with their available counterparts from 
FEA simulations and experiments. The detailed geometrical and material properties 
can be found in Section 6.1 and 6.3 of Chapter 6. 
Figure 8.4 plots the stress distributions in the AC interfaces for the three beam groups 
under an applied load of IAKN. All the materials are considered in elastic state. Fig- 
ure 8.4 a shows the interfacial shear stress for F5 and F6 obtained by the experiment, 
Nonlinear FEA simulation (NLFEA), elastic complete solution and simplified solu- 
tions, respectively. The experimental results are evaluated from the measured plate 
strain distribution. As four strain gauges were used over the half of the plate length, 
only two stress levels can be estimated in the shear span. Hence a large discrepancy is 
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displayed. Among the other three solutions, the simplified solution predicts the high- 
est peak interfacial shear stress and NLFEA predicts the lowest one. From the curves 
of the interfacial normal stress presented in Figure 8.4(b), we can see that both com- 
plete solution and simplified solution predict almost identical interfacial normal stress 
while the NLFEA yields a much lower value. 
Figures 8.4 (c) and (d) plot the stress distribution for beams F7 and F8, in which only 
two elastic solutions are presented. Figure 8.4s (e) and (f) are for beams F9 and F 10, 
where the NLFEA results is also plotted. By comparing the interfacial shear stress for 
the three groups, we can see that the shorter the plate is, the higher the peak shear 
stress will be. In the event of high shear stress, the simplified solution predicts a rela- 
tively lower peak shear stress than the complete solution. However, both methods in- 
variably predict very close interfacial normal stress. 
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Table 8.3 Summery of the result comparisons for CFRP plated RC beam (Fanning and 
Kelly 2001) 
Size of Develop- 
Serviceability load (KN) Ultimate load (KN) FPZ ment length 
(mm) (mm) 
Beam Kupfer Mohr- 
NLFM ap- NLFM 
and Ger- Coulomb NLFM 
NLFEA proach and NLFEA 
Experiment 
ap- 
Simplified 
stle strength approach 
error proach 
solution 
Model model 
101.4 
FS, 6 12 11 10.5 11 100 101.5 5.7 85 
(1.4%) 
79.3 
F7,8 9.8 81 5.7 85 9.8 8.2 
(-2%) 
63.4 
F9,1 0 8.3 8.3 6.6 6 76 72 5.7 85 
Table 8.3 shows a summery of the comparisons of serviceability load, ultimate load, 
size of FPZ and development length. It is evident that the very favorable consistence 
are show among various approaches. 
8.3.3 Etman and Beeby (2000) CFRP Plated RC beam 
One of the tested beams from Etman and Beeby (2000) FG I -CF is reinvestigated ana- 
lytically following the similar procedures. It is a simply supported beam with a span 
of 1200mm subjected to four-point bending each at the third point. The other parame- 
ters for the consistent members are listed as follows. 
Concrete beam: 
Cross section size: 125mm x 150mm; Mean cube strength: 62MPa. 
Adhesive layer: 
Tbickness: 3mm; Young's modulus: 12.5GPa; Poisson's ratio: 0.33. 
Bonded CFRP plate: 
Length: 1080mm; thickness: 1.3mm; Young's modulus: 150GPa; and the shear 
modulus: 5.5 GPa. 
Figure 8.5 show comparisons of the stress distribution under the applied load 60 KN. 
It shows discrepancy between the experimental and analytical results. At the loading 
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position, the shear stress from the completed solution shows a nature of singularity, 
which has not been presented by the simplified solution. Also the simplified solutions 
showed a discrepancy of the interfacial normal stress with the completed solution only 
in a interval of I mm from the plate end and it predicts a lower peak normal stress. 
Likewise, Table 8.4 shows a summery of comparisons of the serviceability load, ulti- 
mate load, size of FPZ and development length. Again, encouraging consistence is 
exhibited for this beam. 
Table 8.4 The comparisons of the results Etman and Beeby (2000 CFRP plated RC 
beam 
Development 
Ultimate load (KN) Size of Serviceability load (KN) length 
FPZ (mm) 
(mm) 
Kupfer Mohr- NLFM ap- 
NLFM NLFM Simplified solu- 
and Ger- Coulomb proach and Experiment 
approach approach tion 
stle Model strength model error 
89.4 
44.8 44.8 42.2 99.8 1.5 54 
(-10.4%) 
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8.3.4 Quantrill et al. (1996) GFRP/CFRP Plated RC Beam 
Quantril et al. (1996) carried out extensive tests to investigates the impacts of various 
parameters to the FRP strengthened beams. The studied parameters include concrete 
strength, adhesive thickness, plate material, plate size and plate end anchorage system. 
The t ested beams except those with end anchorage system are reanalysed in this chap- 
ter and the comparison results are presented. 
All the beams are simply supported and spanned over a 900mm distance. Two sym- 
metrical point loads are applied at the third points. The geometrical and material 
properties are summarized in Table 8.5, in addition to the followings: 
Concrete beam: 
Cross section size: 100mm x 100mm; maximum coarse aggregate size: 10mm. 
Adhesive layer: 
Young's modulus: 7GPa; Poisson's ratio: 0.3. 
Bonded plate: 
GFRP with Young's modulus: 49GPa and the shear modulus: 5.8 GPa; CFRP 
with Young's modulus: 118.5 GPa and the shear modulus: 5.5 GPa. 
Table 8.5 The summery of the beam parameters (Quantrill et al. 1996) 
Beam Cube strength 
(MPa) 
Adhesive 
thickness (mm) 
Plate material Plate size 
(mm) 
Alb 70 1.0 GFRP 80 x 1.2 x 860 
Alc 70 2.0 GFRP 80 x 1.2 x 860 
A2b 42 1.0 GFRP 80 x 1.2 x 860 
A2c 42 2.0 GFRP 80 x 1.2 x 860 
A2g 42 2.0 GFRP 80 x 1.2 x 600 
B2 53 2.0 GFRP 80 x 1.2 x 860 
B3 53 2.0 GFRP 30 x 1.2 x 860 
B4 53 2.0 GFRP 60 x 1.6 x 600 
B6 53 2.0 CFRP 80 x 1.2 x 860 
Figure 8.6 plots the interfacial stress at the AC interface for the tested beams under 
the applied load lKN using the simplified solutions. Table 8.6 summarizes the result 
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of comparisons. From the comparisons of the ultimate load with the experimental re- 
sults, we can see that apart from a few exceptions, they agree with each other very 
well. Beam Alb experienced an adhesive/concrete interfacial failure, which may be 
due to the poor workmanship. As a consequence, the beam failed at a relative low 
load. The same reason applies to beam B3, which failed due to the plate separation 
along the plate/adhesive interface. This exceptional failure mode gives rise to an error 
as high as 63%. Another failure mode that Beam A2g has experienced is the shear 
failure through unplated section. The failure load predicted by NUM approach is 
only 7.9KN, while the experimental one is 31.5KN. This implies that the beam did not 
fail immediately after the plate end crack occurred. In contrast, from test shear cracks 
appeared within the unplated span, and resulted in the final failure. Beam B6, as the 
rest of the beams, was tested to show the failure modes of plate and concrete cover 
separation. The analytical prediction is 30% lower than the tested results. The calcu- 
lated stress distributions show that the beams bonded by the CFRP plates experienced 
significantly higher level shear and normal stresses than these counterparts bonded by 
GFRP plates of the same size (132 vs. 136). In theory, Beam B6 should have failed at a 
lower load, which is contradictory to the test result. What caused the odd observation? 
This unsolved question was also raised in the original paper (Quantrill et al. 1996 b). 
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Table 8.6 The results comparison (Quantrill et al. 1996) 
Serviceability load (KN) Ultimate load (KN) 
Size of 
FPZ (mm) 
Development 
length 
(mm) 
Beam Mohr- 
Kupfer and NLFM ap- Coulomb NLFM ap- Experiment NLFM ap- Simplified solu- Gerstle proach and er- 
strength proach proach tion Model ror 
model 
60.2 
Alb 20.23 20.225 22.35 47.2 0.9 28 
(28%) 
51.17 
Alc 20.19 20.19 22.37 44 0.58 32 
(16%) 
41.5 
A2b 12.675 12.67 12.95 36.7 1 30 
41.5 
A2c 12.64 12.64 12.95 37.3 1 34 
(11%) 
7.9 
A2g 3 2.98 2.25 31.5 1.4 34 
(-75%) 
42.25 
B2 16.1 16.1 16.29 34 0.7 33 
(24%) 
40.08 
B3 16.1 16.095 16.25 24.6 0.7 28 
(63%) 
34.4 
B4 15.99 15.99 13.445 35 0.85 36 
28.6 
B6 15.58 15.61 14.63 40.8 0.74 50 
(-30%) 
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8.4 Parametric Analyses 
As shown in the preceding sections, the stress field in the AC interface, especially 
near the plate end, is directly related to the failure load. To show a more detailed pic- 
ture of the stress field and investigate the influencing parameters is of more practical 
significance in the design and optimisation of the strengthening scheme. In practical 
applications, there exist various selections of materials and size of the bonded plate 
and adhesive. The parameters studied in this section include the concrete cylinder 
strength, adhesive size and material, the bonded plate size and material. Table 8.7 
shows the parameters to be used in the analysis. Apart from the parameters listed in 
the table, the beam to be analysed for all the cases is a 1800mm long RC beam with a 
rectangular cross section of 150mm x 250mm. The beam is simply supported and sub- 
jected to four-point bending each at the third point. The Poisson's ratio for the con- 
crete is 0.2 which takes the standard value from BS8100. The Poisson's ratio of the 
adhesive layer is 0.35 which is the most typical value for epoxy type adhesive. 
In the following parametric study, only one parameter is chosen as the varying pa- 
rameter each time. Once the varying parameter is chosen, the other parameters shown 
in Table 8.7 are set as constants taking the values in bold face. For instance, if we 
discuss the impact of the concrete cylinder strength, i. e. take f,. as the varying pa- 
rameter, the adhesive thickness is set at 2mm; the adhesive Young's modulus is 6GPa; 
the bonded plate is 1.6mm x 100mm x 1400mm.; the plate Young's modulus is 
120GPa, and shear modulus is 5.5 GPa. 
The stress distributions are normalized by the tensile fiber stress in concrete at the 
plate end, which can be calculated by 3P(L-I)Ibl'l (hl'l)' using the classic beam 
theory. Hence only the dimensionless stress distributions are plotted against the dis- 
tance from the plate end. These results are plotted in Figures 8.7 to 8.14. In addition, 
the development lengths for each case are tabulated in the parenthesis beneath each 
parameters in Table 8.7. 
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Table 8.7 Summery of the parameters and the calculated development length (mm) 
Concrete Adhesive Bonded plate 
Mean cylinder Thickness Young's modulus Length Width bill Thickness 
Young's modulus Et'J 
strength h 
121 LJ2) 
2xl(mm) (mm) hill (mm) 
and shear modulus Gill 
f,. (MPa) (mm) (GPa) (GPa) 
25 13 1200 50 1.2 50; 5.5 
(74) (68.9) (88.5) 
40 26 
(76) (76.1) (761) 
55 3 12 
(76.1) (64.6) (66.1) (50.2) 
1400 100 1.6 120; 5.5 
(76.1) (76.1) (761) (76.1) 
1600 150 2.0 200; 77 
(79.5) (82.8) (69.0) (76.1) (85.6) (84.9) (94.6) 
Figure 8.7 presents the interfacial shear and normal stress for strengthened RC beams 
of various concrete strengths. It can be seen that the beam with the lowest concrete 
strength has the highest shear and normal stresses near the plate end. As we all know a 
weaker concrete has a lower Young's modulus and hence is more compliant. The 
plated material, which is usually stiffer than concrete, will generate larger deformation 
incompatibility along with the more compliant concrete material, and thus induces 
higher level interfacial stresses. 
Figures 8.8 and 8.9 respectively, show the impact of the adhesive thickness and its 
Young's modulus to the stress distribution in the AC interface. As Figure 8.8 shows, a 
change of adhesive thickness does not make significant difference to the interfacial 
stresses, particularly to the peak normal stress, for which the discrepancy is marginal. 
However, there is noticeable discrepancy of interfacial normal stress within the inter- 
val between Imm. and 3mm. from the plate end. From Figure 8.9, it can be seen that 
the material property of the adhesive layer has greater impact on the interfacial 
stresses. The figure clearly shows that the stresses at the AC interface near the plate 
end increases as the stiffness of the adhesive increases. These observations can be ex- 
plained by the function of the adhesive layer. Adhesive is there to achieve a deforma- 
tion compatible with both the concrete beam and the bonded plate. Accordingly the 
thinner it is, the more severe deformation it has. For a given thickness with varying 
material stiffness, greater stress occurs in a stiffer adhesive, although the strain is 
similar. 
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Figure 8.10 shows the dimensionless interfacial stresses when plates with different 
lengths are bonded to a RC beam. As the stresses are normalized by the concrete fibre 
stress at the plate end, which also varies with plate length, the dimensionless shear 
stresses have different levels even away from the plate end. Figure 8.10 shows that a 
shorter plate generates more severe shear stress concentration at the plate end. Never- 
theless, the dimensionless normal stresses from the three cases are almost identical. 
Figure 8.11 presents the impact of plate width to the interfacial stresses. As expected, 
the narrower plate generates higher shear and normal stresses near the plate end. It is 
worth mentioning here that the present solution uses a 2-D plane analysis, i. e. smear 
all the variables across the whole width, and the variations in the width direction can- 
not be captured. More accurate stress fields for the narrow bonded plate can only be 
obtained in a 3-D analysis. 
Figures 8.12 and 8.13 show the effects of plate thickness and plate material properties 
on the interfacial stresses. It is evident that a thicker plate induces higher shear and 
normal stresses, though the effect on the normal stress is less significant compared 
with that on the shear stress. This observation is attributed to the presence of large 
stiffness in the thick plate, that attracts higher level stress/strain to achieve the com- 
patibility. For the same reason, higher interfacial stresses occur when the bonded plate 
has a greater Young's Modulus. As Figure 8.13 shows even in the region where a full 
composite action occurs, a stiffer plate leads to a higher interfacial shear stress. This is 
due to the presence of the higher tensile stress in the stiffer plate, that induce a higher 
level shear transfer along the interface. Another important conclusion by observing 
Figure 8.13 along with Figure 8.7 is that larger difference of Young's moduli between 
the concrete and bonded plate leads to higher interfacial stresses. Accordingly a very 
weak concrete strengthened by a steel plate is one of the worst cases. 
The development length for each case is tabulated in Table 8.7 (see the values in the 
parenthesis). It can be seen that larger development length is always accompanied by 
a lower stress concentrated at the plate end. This observation provides the rationale 
that some researchers used the average stress in the development length as the criteria 
to predict failure load (see Swamy et al. 1986). 
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8.5 Summery 
Fourteen RC beams tested by other researchers have been reanalyzed in this chapter in 
terms of interfacial stresses, serviceability load, ultimate load, size of FPZ and devel- 
opment length. The two elastic interfacial stress solutions developed in this thesis 
have been applied to analyze the beams and the results were presented and compared 
with those obtained in the tests. Two concrete strength models, i. e. Kupfer and Gerstle 
and the Mohr-Coulomb strength models, were utilized together with the stress results 
and the corresponding serviceability loads were predicted. To the author's best 
knowledge, there are no published serviceability experimental data available for 
comparison. Hence, the only comparison was made with the results obtained using the 
NLFEA. 
The NLFM method was also adopted to analyze these beams to predict both service- 
ability and ultimate loads, in which the four-point bending loads were equivalently 
converted to a UDL by equalizing their maximum bending moments. Comparisons 
were made between the analytical ultimate loads predicted by NLFM and the experi- 
mental results. Favorable agreements were achieved for the beams that failed due to 
plate debonding. 
Additionally, the size of the FPZ at failure and the development length at the elastic 
state were calculated and tabulated. 
After the comparisons, an extensive parametric analysis was conducted for a series of 
strengthened RC beams. The parameters include concrete strength, adhesive material 
property, adhesive thickness, plate size and plate materials. It was found that concrete 
strength, adhesive material, plate width, plate thickness and plate material had signifi- 
cant impacts on the interfacial stress distributions. In order to maximize the use of the 
strength of a bonded plate, the plate should be designed using the following optimiza- 
tion principle. Subjected to other restriction, the plate material should have a Young's 
modulus close to the concrete material, a thin and wide cross section, and be ade- 
quately close to the beam supports. The adhesive material should be flexible and thick 
enough with adequate strength. 
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CHAPTER 9. 
CONCLUSION AND FUTURE WORK 
9.1 Introduction 
External plate bonding (EPB) technology has proved to be a competitive alternative to 
conventional techniques of improving the strengths and stiffness of RC members, 
such as RC beams and RC slabs. Due to the features of composite materials, such as 
high strength-to-weight and stiffness-to-weight ratios, excellent corrosion resistance, 
composite materials, such as FRP, provide a better substitute to the conventional steel 
plates. If the full capacity of the concrete-FRP section can be achieved, the ultimate 
load is substantially increased for a FRP plated beam. However, the full capacity is 
usually prevented by premature failures, e. g. plate debonding. The theoretical mecha- 
nism for this undesirable failure mode has not been developed as maturely as the con- 
ventional flexural or shear failure modes. It is this impetus that has drive a great deal 
of research in this subject, including the work in this thesis. 
Studies on the lap joints and externally plated beams have shown that the adherents 
impose shear and transverse normal stress/strain in the adhesive due to their differen. 
tial deformations that occur under applied loads. In plated beams, as discussed in the 
proceeding chapters, highly localised shear and normal stresses exist in the adhesive 
layer over a short distance near the plate ends. These stresses decay away rapidly from 
the plate ends. 
9.2 Finding and Conclusion 
A Finite Element Analysis (FEA) based on elastic fracture mechanics (LEFM) was 
carried out to provide a detailed study on the stress fields near the plate end for plated 
RC beams. A severe stress singularity was found near the plate ends. The utilization 
of the LEFM and global-sub structural modeling technologies in FEA reduced the 
computation cost and provided a more accurate solution. This analysis also became 
the benchmark for the analytic solutions presented in the following chapters. 
271 
Conclusion and Future Work Chapter 9 
A completed analytical solution was developed by the principle of complementary en- 
ergy and provided consistent results with the FEA with less computational efforts. 
The resulting solution not only takes into consideration the non-uniform stress distri- 
bution in the adhesive layer and the stress-free boundary condition at the ends of the 
plate, but also correctly predicts the drastic difference in the interfacial normal stress 
between the PA and AC interfaces. This solution included all types of loading by us- 
ing the distribution functions. 
A closed-form rigorous solution was proposed such that a spreadsheet package was 
sufficient to obtain the numerical results. This rigorous solution provided more accu- 
rate results than other closed-form solutions available in the publications. It was the 
basis to ftuther develop a simplified solution of the interfacial stresses that were sub- 
sequently used to predict the failure loads. 
Numerical examples showed that the stress concentration was dominated by the bend- 
ing moment experienced by the cross-sections at the plate ends. A simplified solution 
was developed to calculate the interfacial stresses in the strengthened RC beam sub- 
jected to arbitrary loads. It was a portable calculator-based solution showing high ac- 
curacy. The development length can also be predicted by this solution. 
To consider the nonlinear properties of concrete, a detailed nonlinear FEA simulation 
was conducted and extensive results were computed at various load levels, from the 
elastic state to the ultimate state. Some results, which are difficult to measure by test, 
were also revealed using this analysis. These included the interfacial stresses and the 
load level at the onset of plate end cracking (serviceability load). In addition, a 
Nonlinear Fracture Mechanics (NLFM) method was developed taking into account 
the pre- and post-cracking behaviours and the interactions between the shear and 
transverse normal stresses. This solution was able to predict serviceability load and 
the load at the ultimate failure state (ultimate load). 
Finally some of the developed solutions were applied to selected beams whose test re- 
sults are available for comparison. In combination with existing material failure crite- 
ria, the elastic simplified solutions were used to predict serviceability loads. Two 
groups of serviceability loads predicted from the elastic solution and NUM solution, 
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respectively, and one group of ultimate load predicted from NLFM solution were all 
compared with the experimental data. Encouraging correlations were achieved. Other 
useful results, such as development length, the size of Fracture Process Zone (FPZ) 
were also calculated. 
Extensive parametric analyses suggested some rule of thumb principles in optimizing 
the strengthening scheme to avoid the plate debonding failure at the absence of addi- 
tional anchorages. These included that, subjected to other restrictions, that the bonded 
plate should have a close stiffness to the concrete material, a thin and wide cross sec- 
tion, and be adequately close to the beam supports. The adhesive material should be 
flexible and thick enough with adequate strength. 
9.3 Suggested Future Work 
EPB is a new technology used for RC structures. There is a wide range of problems to 
be solved. Even if the plate end debonding failure had been fully understood, there are 
still a lot of exiting and new problems about this subject. For example, the problem of 
ductility, durability, dynamic behaviours and so on are all imperative. In this section, 
only the subject about the plate end debonding for plate bonded RC beam is focused 
on. 
After a thorough literature review, it is found that only limited test results about inter- 
facial shear stresses for the plated beam are available in the publications. Most of 
them were calculated by the strains measured at the lower surface of the bonded plate. 
More accurate results are required for better understanding interfacial behaviours. 
None of the test research has measured the interfacial normal strain/stress, perhaps 
due to the lack of appropriate measuring apparatus. However, the interaction between 
the interfacial transverse normal and shear strain/stress is significant. These test re- 
sults are useful for defining the correct model concerning the interaction. The white 
light speckle interferometer may be used to tackle these two problems. 
Another issue about the test results is lack of the serviceability load for plate end 
debonding. Although this load is much lower than the ultimate load, it is useful to un- 
derstand the complex stress state at the plate ends, the post-cracking structure behav- 
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iour and the combined failure mechanism. Some techniques to study the flexural 
cracks occurring in the early loading stages can be used for the plate end cracking. 
The fracture mechanics method has been applied to study the plate debonding in many 
researches including the NLFM solution developed in this thesis. However, the next 
step would be taking into account the effects of the full properties of concrete mate- 
rial, the interactions of multiple cracks and the behaviours of rebars and shear links. 
This method can also be used to study other failure modes, such as the intermediate 
debonding due to flexural cracks, shear cracks or flexural/shear cracks. It is also nec- 
essary to propose a standard method to measure the fracture toughness for Mode I and 
II fracture within the concrete and along the interface between the concrete and an- 
other material. The present NLFM solution should be further calibrated with sufficient 
amount of experimental data to be developed a sound strength models for both ser- 
viceability and ultimate loads. 
The elastic solutions to the interfacial stresses presented in this thesis can be improved 
to consider the effect of reinforcement and extended into a 3-D solution to consider 
the cases of non-identical widths of the beam and plate and non-uniform geometrical 
dimensions. 
Most of the commercial FEA packages can only take into account a few features that 
the real structures present according to the sophistication of the packages. Even the 
most sophisticated packages use the smeared theory to simulate the concrete cracks. 
Although some specific packages can simulate the discrete cracks, they are only based 
on simple assumptions such as LEFM. To develop a comprehensive software, which 
combines the NLFEA, NLFE and discrete crack approach and has a user-friendly in- 
terface and strong post-processor is of great importance. 
Finally, another suggested future work is the optimisation of the strengthening 
scheme. A comprehensive and sensible optimisation algorithm should be proposed to 
allow for almost all the affecting parameters. 
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9.4 Originality and Contribution 
The author feels his main contributions to the understanding of the structural behav- 
iours of the plated beam include: 
nA highly thorough and systematic investigation of the stress behaviour near 
the plate ends in the plated RC beams; 
a Most of the solutions are first developed and their applicabilities can be ex- 
tended to other composite material or structures and include other load cases 
such as thermal loading; 
wA comprehensive parametric study provides principle information for the se- 
lection and optimisation of the strengthening scheme; 
0 The predictions of the serviceability and ultimate load show a very favourable 
correlation with the experimental results. 
5A comprehensive literature review of the plated beams and the interfacial 
stresses in the plated beams. 
To summarise, this integrated study has helped elucidate interfacial stress distribu- 
tions of the reinforced concrete member externally bonded by plates of various mate- 
rials and have developed a series of innovative solutions. Most of the solutions have 
great improvement than those available in the literature. Although they offered very 
encouraging results, some further calibrations to the solutions are required before they 
can be presented as sound design equations. 
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The sub-matrices in Equation 3.49 are given in Equations Al to A3. 
-(C 
MAI 
(CMM)12 (CMM)13 (CM-)14- 
cmm 
(C-I-)22 (CMM)23 (CMM)24 
(CMIA3 (CMM)34 
SYM. 
(C-1- )44 
in which 
1814 1 312 1 2vry" V)l --- +--- , 
13hl'l 
;; -4 4 5M2; r2 [2 (2) 
(Cl. 
+ j! 
2I 121 
+ il L[21 Gx E, 1,2 h 70F('l (h 
YJh y 
(A2a) 
94 12v [2) V) -I-+ XY + J;. 3 r3 (Y2 [C2 j 121 20m; r GE" El 40EIY 
'y 
(A2b) 
)13 
=b 
0)1 
1814 1 312 1 2v.. I,, 21 9h ý21 
;z 21 t2lý 5M2; r2 r (h G, 
12]ý[2] T, [, 2'h[] 140E. E, 21 
(A2c) 
914 VIY21 
4b33+ 
[M 
;r EX[2](h[Tly 
TOM7C 2 [21 
YJ Ex 
121 Glv 840EY 
(A2d) 
h (1) 
613 1+I( hi'l h [21 2v., IY'3h 
121 
2- [2) 
+ 
E[21 
+ 
(T[ U [21 'T 
2 -01 E, 1,21h j 15 + Gx'yz xy x 21 OIE. I, 'l 
(A2e) 
(C--)23 
= -(CMM)14 
(A2f) 
(C--)24 
b (1) 31' 1h 
[2) 2v. 1,21 
)_ 
22 [2 121 m ;rE. I'lh 1 60 ýGEY21 E. 121 2801EY 
(A2g) 
276 
Appendix A 
181' 
+1 
312 1 2vly2) 13h 121 V)l +- -(3ý1 h 131 
- 121h (21 + 70EY'21 
)33 
; r4 flEX13] 
(h[3] 
Y21 
121 + TGJrY - E, 5M2; r2 jty 
3hI 
(A2h) 
914 1P 12v 121 (C--)34 
,, ý b(l) [3] y-[ aý7! 11 21 
M- 
, 8E[31 
(h 20m; r 8Gv[3l E, 1,21 40EYI'l x 
(A2i) 
(C--)44 
= b(l) 
613 
++Ih 
[21 h 131 2v1, Y'l h 
121 
+ 
[-; 
-2lr2 (2) 1 [21 + -FG-, [, 
y3l 21 
OIEY12J E121h 
) 
15 GXY 
(A2j) 
where 8= b(')Ib(') is the ratio of the beam to plate width. 
(C. ) 
11 
(c-)12 (Cmn)13 (Cmn)14- 
C «'z « 
(C-»)21 (Cmn)22 (Cmn)23 (Cmn)24 
(A3) 
M (Cmn)31 (Cmn)32 (Cmn)33 (Cmn)34 
L(C-n)41 
(Cmn)42 (Cmn)43 (Cmn)44j 
in which 
(C ) 12b(')Is (_ I)m+n I 
+ - (A4a) '.. l1 24 m2n ir [21 [2) T, [, '] (h Ex (h 
(C ) 6b (1)14 (- '), n+n I (A4b) 
, -, - 12 m2 nx 
3 
(C J 12b(')I'(- I)m+n+l I (A4c) - 3 m2n2X4 E[21 (h[21 
je 
(CI-11)14 6b 
(1)14(_, ), n+n I 
(A4d) 
m2 nic 
3 EX[21 
(h[2]y 
(C--)22 
= 
4b (1)13 I)M+n 
2 2 l--') 
+ 
l' 2 
( l 
(A4e) 
mnir ( ) 
i 
, 
h l E., 1 1h 
(C-n)23 
= 
6b (1)14 (- I)-+n I (A4f) 23 mn ;r [2] [2] (h 
(C-n)24 
= 
2b (1)13 (_ 1), n+n I 
(A4g) 
mnir 2 Exl2lh [2] 
(Cmn)33 
= 
12b(')I' I 
224 
[ 
(A4h) 
mn ;r [23 121 [3] E., 1 (h Y 6E, 11,31 (h Y 
277 
Appendix A 
(Cmm )3 
= 
6P)l 4 
(- I)M+n+l 
[-T(2] 
1 
121Y 
-I (A4i) 4m3 
7r 
3x (h 
)6E(31 
(h [3) 
x 
4b 
(1) 13 (_ I)m+n II 
(A4j) (C. 
n)44 
=2- -i, 1,2lh121 +flE, (31 
mn; r 1"] h 
1-21 E, 3Jh 
and (C.,, ), 1,4; j< i) could be easily obtained by swapping m and n in 
(C. Ai 
- 
In Equation 3.19, the sub-vector is 
p -= 
l(p 
m 
)4 ]T (M) 
mm 
)I 
ý 
(pm )2 
1' 
(pm )3 JP 
where 
(PM)l =0 (A6a) 
(PM)2 
=0 (A6b) 
1212 (Am ýX2 fX2 
p3=22 
[3) [31)3 
[1 (M,, + M,,, ) +Lýt q(x)dxdc - q(x)dx-lltq(x)dx+l q(x)dx 
m ;r 'BE x 
(h 221 
61' -+lfq(x)dx+ q(x)cosm4xdx 5M 2; r 2,6G[31 h 13) XY 
1214 [fq(x)cos M= dx-(-1)' f q(x)dx (A6c) 
m4 Ir 
4 8E., 13]h [3] 11 
, 2, '(-, )m [I (NoWl + 6MO + 6MI) + 6L q(x)&cdx 
)4 
'ý 
mirflE., E31 (h 
E31)2 
-6 
1x2 
q(x)dx - 
312 
1 
q(x)dx +3 
fX2 
q(x)dx] 
-- 
I (- 1)'+' 1 q(x)dx +I q(x) cos 
M, 7zx dx] 
10 m ir, 6G. EY'J 
[ 
M31r3 
P [fq(x)cos mlix dx-(-1)' f q(x)dx (A6d) 
)6EX[31 
(h[31 
YII 
in which Mq, is the bending moment at the plate end cross section due to the applied 
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In Equation 3.56, the sub-matrixes are given as Equation BI and B3, i. e. 
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